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Ï"

�ÅCþX�Ï"E [X ]½Â�

E [X ] =
∑
x

xPr [X = x ]

XJXÑlVÇ©ÙD§��±òX�Ï"E [X ]�¤Ex∼D[x ]"

Ï"�5�

é?¿�ÅCþXÚY±9a, b ∈ R,

E [aX + bY ] = aE [X ] + bE [Y ].

XJXÚY´Õá�ÅCþ, K

E [XY ] = E [X ]E [Y ].
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ê��ÅØ�ª

Markov’s inequality

�X��K�ÅCþ�E [X ] <∞, Ké?¿t > 0,

Pr
[
X ≥ tE [X ]

]
≤ 1

t
.

y²µ

Pr
[
X ≥ tE [X ]

]
=

∑
x≥tE [X ]

Pr [X = x ]

≤
∑

x≥tE [X ]

Pr [X = x ]
x

tE [X ]

≤
∑
x

Pr [X = x ]
x

tE [X ]
= E

[
X

tE [X ]

]
=

1

t
. �
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��

�ÅCþX���Var[X ]½Â�

Var[X ] = E [(X − E [X ])2].

�ÅCþX�IO�σX½Â�

σX =
√

Var[X ].

���5�

é?¿�ÅCþX±9a ∈ R,
Var[aX ] = a2Var[X ].
Var[X ] = E [X 2]− E [X ]2.

XJXÚY´Õá�ÅCþ, K

Var[X + Y ] = Var[X ] + Var[Y ].
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�'ÈÅØ�ª

Chebyshev’s inequality

�X��ÅCþ�Var[X ] <∞, Ké?¿t > 0,

Pr
[
|X − E [X ]| ≥ tσX

]
≤ 1

t2
.

y²: 5¿�

Pr
[
|X − E [X ]| ≥ tσX

]
= Pr

[
(X − E [X ])2 ≥ t2σ2X

]
� E

[
(X − E [X ])2

]
= Var[X ] = σ2X , A^ê��ÅØ�ª��:

Pr
[
(X − E [X ])2 ≥ t2σ2X

]
≤ 1

t2
. �

��§I��óä: 8¥Ø�ª (ØÙG�ÓÆ�JcÙG)
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�ÅCþXÚY����Cov(X ,Y )½Â�

Cov(X ,Y ) = E [(X − E [X ])(Y − E [Y ])].

XJCov(X ,Y ) = 0§ K¡�ÅCþXÚY´Ø�'�"

����5�

é?¿�ÅCþX , X ′,Y±9a ∈ R,

Cov(X ,X ) = Var[X ] ≥ 0.
Cov(X ,Y ) = Cov(Y ,X ).
Cov(X + X ′,Y ) = Cov(X ,Y ) + Cov(X ′,Y ),
Cov(aX ,Y ) = aCov(X ,Y ).

é÷vVar[X ] ≤ +∞, Var[Y ] ≤ +∞��ÅCþXÚY , k

|Cov(X ,Y )| ≤
√
Var[X ]Var[Y ].
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���Ý


�Å�þX = (X1, . . . ,XN)����Ý
C(X) ∈ RN×N½Â�

C(X) = E
[
(X− E [X])(X− E [X])T

]
.

C(X) =
(
Cov(Xi,Xj)

)
ij

.

C(X) = E
[
XXT

]
− E [X]E [X]T.
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pd©Ù�Laplace©Ù

pd©ÙN(µ, σ2)

VÇ�Ý¼êµ f (x) = 1√
2πσ2

exp
(
− (x−µ)2

2σ2

)
Laplace©ÙLaplace(µ, b), b > 0

VÇ�Ý¼êµ f (x) = 1
2b exp

(
− |x−µ|b

)
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b�f (x), ci (x), hj(x)´½Â3Rnþ�ëY��¼ê, �Ä�å
�`z¯K:

min
x∈Rn

f (x)

s.t. ci (x) ≤ 0, i = 1, 2, . . . , k

hj(x) = 0, j = 1, 2, . . . , l

Ú\.�KF¦fαi ≥ 0, βj (1 ≤ i ≤ k , 1 ≤ j ≤ l), �E2Â.
�KF¼ê

L(x , α, β) = f (x) +
k∑

i=1

αici (x) +
l∑

j=1

βjhi (x).
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?�ÚÚ\éó¼êθD(α, β) = minx L(x , α, β), �Eéó¯K

min
α,β

θD(α, β)

s.t. αi (x) ≥ 0, i = 1, 2, . . . , k

Karush-Kuhn-Tucker (TTK)^�:

∇xL(x∗, α∗, β∗) = 0

α∗i ci (x
∗) = 0, i = 1, 2, . . . , k

ci (x
∗) ≤ 0, i = 1, 2, . . . , k

α∗i ≥ 0, i = 1, 2, . . . , k

hj(x
∗) = 0, j = 1, 2, . . . , l
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ÅìÆS:��oÚ´�o?

��oI�ÅìÆS?

We are entering the era of big data.

This deluge of data calls for automated methods of data
analysis, which is what machine learning provides.

�o´ÅìÆS?

We define machine learning as a set of methods that can
automatically detect patterns in data, and then use the
uncovered patterns to predict future data, or to perform other
kinds of decision making under uncertainty.

— 5Machine Learning: A probabilistic perspective6by Kevin

Patrick Murphy, MIT Press, 2012
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êâ:ÆS�å:

·�Ï~ò^uÆS�êâé�½ö¢~¡����~~~½ö���

���.

z��~xæ^���þ x = (x (1), x (2), · · · , x (n))T5L«.

�þ�z�©þéA�~���AAA���½öááá555.

n��~x�A��ê§�¡����êêê.
x (i)��~x�1i �á5�ááá555���.

á5Ü¤��mX�ááá555£AAA���¤���mmm§�¡����������mmm
½ÑÑÑ\\\���mmm§P�X .

x = (x (1), x (2), · · · , x (n))T ∈ X
��ó§êâé��A�ÚÆS?Ö�'.
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ÆS�~µ�IP�êâ

ÆS�~

Ø=��êâ§����ù
êâéA�ÆS(((JJJ½ö
888III.

� GPA=4.0!TOEFL=120�ÓÆ ���
 MÃ�Æ�ø
Æ7

·�¡êâ¤éA�ÆS(J�IIIPPP£label¤.

·���^y5L«¢~x�IP.
(x , y):�IP�êâ

·�^Y5L«¤kIP�8Ü§¿¡��ÑÑÑÑÑÑ���mmm.

Ä��êâ8

ÃIP�êâ8 T = {x1, x2, . . . , xN} ({P� T = {xi}Ni=1)

IPêâ8 T = {(xi , yi )}Ni=1
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iÒÆS�ÃiÒÆS(1)

iÒÆS (Predictive or Supervised learning)

Äu�½�IPêâ8T = {(xi , yi )}Ni=1 (ÔÔÔöööêêêâââ888½Ôö
��).

ÆSlÑ\�mX �ÑÑ�mY �N�£���...¤.

¿|^TN�é������£unseen¤¢~xéA�ÑÑy?1ýýý
ÿÿÿ.

IP��Ú:

^u�.ÆÆÆSSS.
ÏLé'�.éxi�ýÿÚyi�m��ÉUéÆS5U?1
�½§Ý�µµµ���.
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iÒÆS�ÃiÒÆS(2)

iÒÆS�ü�Ø%¯K

©©©aaa(classification)¯K: ÑÑ�mY´��lÑ��8Ü(Ï
~�´k��).

Y = {c1, c2, · · · , cM}§Ù¥M�aO��ê.
�©a(binary classification)¯Kµ M = 2.

Y = {+1,−1}.
Y = {0, 1}.

õ©a(multi-class classification) ¯K: M > 2.

£££888£regression¤¯K: ÑÑ�mY = R.
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iÒÆS�ÃiÒÆS(3)

ÃiÒÆS(Descriptive or unsupervised learning)

Äu�½�ÃIP�êâ8T = {xi}Ni=1.

uyêâ¥Û¹��£½ö�ª(interesting patterns).

¿òÆ���ªA^u��¢~.

ÃiÒÆSÏ~��¡��£uy(knowledge discovery).

Ï~vk²(��£�ªa.!ïþÆS(J��Ýþ

�6uäNÆS|µÚA^+�.

�äkÌ*5Ú]Ô5.
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iÒÆS�ÃiÒÆS(4)

àààaaa: ;.�ÃiÒÆS?Ö

òT = {xi}Ni=1y©¤eZf8

ù
f8Ï~pØ��

áuÓ�f8���êâ¦�U�p�q

ØÓf8���¦�UØÓ

¡z�f8�q

z�qéAu��d3�Vg
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iÒÆS�ÃiÒÆS(5)

�iÒÆS (Semi-supervised learning)

QkIPL�êâ.

�k�IPL�êâ(Ï~¤Ó'~'��).

F"�IPêâ�©ÙU�ÏÆSì¼�'iÒ�/�Ð�

5U.

rzÆS(Reinforcement learning)

ÆS¦�X�Ä���Ï\\£���z�üÑ

|8ÆSìé�¸ÌÄ�\Ä�±��¸G��Cz±9¤

¼��=�£�½ö¨v.
Ó�ÆSöI�3&¢��Ä��£�Ú|^®²Â8�&

E�m?1�ï.
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8IVg�b�

iÒÆSµÄuT = {(xi , yi )}Ni=1)5ÆSlÑ\�mX �ÑÑ�
mY �N�, b½

Ñ\�mX¥�¤k���pÕá�ÑlÓ����½½½����������
©ÙD.

�T¥�z��~xiÑ´�©ÙDÕáÓ©Ù�)�§ÙI
Pyi = c(xi ), Ù¥

c ∈ C´8IVg, §´lÑ\�mX�ÑÑ�mY�N�, û
½¢~x�ý¢IPy .
C´Vga, =F"�ÆS���Vg8.

ÆS�ã

§¤�Ä�¤k�U�Vg�8Ü¡�b��mH (�7
�C�Ó).

�½ÆS�{LÄuT��½üÑÀJÑ��b�hT ∈ H.

111���ùùù ÅÅÅìììÆÆÆSSSVVVããã



�êÆóä£�

Ä�VgÚâ�

�.µ�ÚÀJ

 �-��©)

�zØ�

XÛµ�ÆS�{LÆ���.hT ? �	hT��zUå,=
é��êâ�ýÿUå!

�½b�h ∈ H,
��¼êL(h(x), y)Ýþh�gýÿ�”Ð�”

0-1��¼ê

L0−1(h(x), y) = I (h(x) 6= y) =

{
1, h(x) 6= y
0, h(x) = y

.

²���¼ê

L2(h(x), y) = (h(x)− y)2.

²þ��(Ï")Ýþ²þ¿Âehýÿ�”Ð�” µ

R(h) = Ex∼D[L(h(x), c(x))]

¡²þ��(ºx¼ê)R(h)��zØ�.
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�zØ�

�½b�h ∈ H, æ^0-1��¼êL0−1(h(x), y), K�zØ�
�

R0−1(h) = Ex∼D[I (h(x) 6= c(x))]

= Prx∼D(h(x) 6= c(x))

=h3��Ñ\�m¥ýÿ�Ø�VÇ.

5¿¯kQØ�Ùc�äN�3§�ØU��©ÙD�
h'uÔöêâ8T�²þ��£�¡�²�ºx¤Xeµ

R̂(h) =
1

N

N∑
i=1

L(h(xi ), yi ).
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ÔöØ�

�é©a¯K§ é�{LÄuTÆ���.hT5`

Ù²�Ø��

R̂(hT ) =
1

N

N∑
i=1

L(hT (xi ), yi ).

XJæ^0-1��¼ê§ K²�Ø�R̂(hT )Ò´hT3Tþ�
ýÿØ�Ç(error rate):

êr (hT ) =
1

N

N∑
i=1

I (hT (xi ) 6= yi ).

�A�§hT'uT�ýÿ°Ý(accuracy)½Â�

â(hT ) = 1− êr (hT ).
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²�Ø���zØ�

²�Ø�R̂(hT )�¿ØU�½�y�.hT��z5UÐ!

�z5U�ÆS�{Ó¼¤k������kkk���£££���ªªª�Uå

k'

²�Ø��N�´ÆS�{Ó¼Ôöêâ%¹��£�ª�

Uå

L��ÔöØ��U��¤¢�L[Ü£Overfitting¤y�
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ÿÁØ�

ÿÁ8£testing set¤T ′ = {(x ′i , y ′i }N
′

i=1µ vkë�Ôö�.

�Õáêâ8, ùpN ′´ÿÁ��Nþ.

�.hT'uÿÁêâ8T ′�²þ���

R̂test(hT ) =
1

N ′

N′∑
i=1

L(hT (x ′i ), y
′
i ).

hT'uÿÁêâ8T ′�Ø�Ç�

êtest(hT ) =
1

N ′

N′∑
i=1

I (hT (x ′i ) 6= y ′i ).

hT'uÿÁêâ8T ′��ýÿ°Ý�

âtest(hT ) = 1− êtest(hT ).

ET ′∼DN′ [R̂test(hT )] = R(hT ).
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O(ÇÚð£Ç

é�©a?Ö5`§

'�'5�a��a(P).

,��a�Ka(N).

hT éT ′���ýÿ(Jkoaµ

ý�~(true positive)§=ýÿ��a��~¢S´T ′¥��
a�~§ý�~�oê�TP¶

b�~(false positive)§=ýÿ��a��~¢S´T ′¥�
Ka�~§b�~�oê�FP¶

ýK~(true negative)§=ýÿ�Ka��~¢S´T ′¥�
Ka�~§ýK~�oê�TN¶

bK~(false negative)§=ýÿ�Ka��~¢S´T ′¥�
�a�~§bK~�oê�FN.
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O(ÇÚð£Ç

Figure: · Ý


TP + FN�ÿÁ8¥�a�~��ê.

TN + FP�ÿÁ8¥Ka�~��ê.

TP + FN + TN + FP = N ′.

TP + FP�ÿÁ8¥�hT ýÿ��a��~�ê.
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O(ÇÚð£Ç

O(Ç(�OÇ)P: �hT ýÿ��a��~¥ý�~¤Ó�
'~§=

P =
TP

TP + FP
.

ð£Ç(��Ç)R: ÿÁ8¥�a�~¥�hT ýÿ��a�
�~¤Ó�'~§=

R =
TP

TP + FN
.

O(ÇÚð£Ç´�p->.
NÚþ�F1 Ýþµ

2

F1
=

1

P
+

1

R
,

= F1 = 2PR
P+R .
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L[Ü��Kz

ÆS�{LUì�o��üÑ5ÀJ�.hT ?

²�ºx��züÑ:

hT = argmin
h∈H

R̂(h)

L[Üºx'�p.

�KzüÑµ

hT = argmin
h∈H

[
R̂(h) + λJ(h)

]
,

ùp

J(h)´�.h�E,Ý�üN4O¼ê§
λ ≥ 0´�ï²�Ø�R̂(h)ÚE,Ý¼êJ(h)�Xê.

111���ùùù ÅÅÅìììÆÆÆSSSVVVããã



�êÆóä£�

Ä�VgÚâ�

�.µ�ÚÀJ

 �-��©)

�KzüÑ

�Kz�J(h)�¡¨v�§^±�x�.�E,Ý¤�5�
L[Ü/ºx0.

XJλ = 0§éAu²�ºx��züÑ.

XJλ���

LurN�.�E,Ý¤�5�L[Ü/ºx0.
��¤ÀJ��.Lu{ü.
ÆSUå'�$§l��¤¢jjj[[[ÜÜÜ(underfitting)y�.

XÛÀJÜ·�λ?

k�Ñλ�eZ�ÿÀ�§,�éz�λ�Ôö���..

3ÿÁ8þ?1ÿÁ§ÀJÿÁµ��I�Z��.¤éA

�λ����.�λ �.

��.ÀJ�ÿÁ8Ï~�¡����yyy888£Validation set¤.
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Äuêâ8y©��.ÀJ

XÛlêâ8D¥y©ÑÔö8TÚÿÁ£�y¤8T ′?1�.
ÀJ?
�Åæ�!

3Ñ{(hold-out)

kò���y{£k-fold cross validation¤

3�£Leave-one-Out¤�y{

gÏ{£Bootstrapping¤

111���ùùù ÅÅÅìììÆÆÆSSSVVVããã



�êÆóä£�

Ä�VgÚâ�

�.µ�ÚÀJ

 �-��©)

3Ñ{(hold-out)£�¡{ü���y{¤

òêâ8D�Åy©�ü�pØ���f8§Ù¥����Ôö
8T§ ,����ÿÁ8T ′:

æ^Ã�£��Åæ��ªlêâ8D¥ÄÑ�Ü©êâ
£�½�'~½�ê¤��T§�e�êâ��T ′.
�3æ�¥¦�U�±êâ©Ù���5§�æ^©�Ã�

£�Åæ��ª.
Ï~EeZg�Åy©L§§±zgy©éA�ÿÁµ�

�þ���3Ñ{�µ�(J.

Figure: 3Ñ{
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kò���y{

òêâ8D�Åy©�k�pØ��!���q�f
8D1,D2, · · · ,Dk .

?1kgÔö-ÿÁL§, Ù¥1igÔö-ÆSL§¥

±D − Di�Ôöêâ8Æ��.hD−Di§

±Di�ÿÁ8éhD−Di?1ÿÁµ�§��ÿÁØ

�R̂test(hD−Di ).

±

1

k

k∑
i=1

R̂test(hD−Di
)

��hD3�gêâ8�Åy©e�ÿÁµ�(J"
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kò���y{

Figure: k-ò���y{
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kò���y{

OrÿÁµ��½5Ú��5

Ï~E?1eZgêâ8��Åy©L§.
±zgy©éA�ÿÁµ��þ����ª�µ�(J.

k��ÀJéµ�(Jk�½K�

~^10ò���y{.
k = |D|: 3�£Leave-one-Out¤�y{

111���ùùù ÅÅÅìììÆÆÆSSSVVVããã



�êÆóä£�

Ä�VgÚâ�

�.µ�ÚÀJ

 �-��©)

3�£Leave-one-Out¤�y{

zgÄu|D| − 1�êâ?1Ôö

�^�g�ë�Ôö�êâ��ÿÁêâ.

éz���x5`§TÐë�
|D| − 1 gÔö§ �ë�

1gÿÁ"

3�Ø�µ

R̂loo(hD) =
1

|D|
∑
x∈D

L(hD−{x}(x), y).

�±@��.hD−{x}ÚhDé�C, Ïd3�{?1ÿÁµ�
Ï~�'�O(�&.

Ôögê�u��Nþ§���Nþ'����ÿO�m�

'��.
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gÏ{£Bootstrapping¤

²L�.ÀJ±�, Äu��êâ8D#ÔöÑ�ª�
.hD .

Äuêâ8�Åy©��.ÀJ¥§æ^Ã�£Ä���
ªµ

zg¦^�Ôöêâ8Ñ´D���ýf8§Ù��Nþ�
��|D| − 1.

DÚ�.ÀJ�ã�Ôö��8�5��¡��É¬é�ª
�.�µ�E¤�
 �.

l3Ñ{�gÏ{µ æ^kkk���£££���ÄÄÄ����{é3Ñ{?1

UE
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gÏ{£Bootstrapping¤

klD¥±k�£�Ä��ª�ÅÄ�|D|�êâ5�ïÔ
öêâ8T§

,�±D¥vk�Ä¥�êâ�ïÿÁêâ8T ′.

Figure: gÏ{

gÏ{)û
���y{¥�.ÀJ�ãÚ�ª�.Ôö�

ã�Ôö85��É¯K.

�Ôö8TÚ�©êâ8D¥êâ�©Ù�7���§ Ïd
é�
éêâ©Ù¯a��.ÀJ¿Ø·^.
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VVV���

1 �êÆóä£�

Ï"!��Ú���£�

.�KF¦f{

�5�ê!�È©��`z�{�'

2 Ä�VgÚâ�

3 �.µ�ÚÀJ

4  �-��©)
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�.E,Ý��zØ�

�X�.E,Ý�O\

ÆS�{�ÆSUå�5�r

ÔöØ��5��

�zØ�

k´�XÔöØ�� �~�§

��X�.E,Ý�?�ÚO\�zØ�Øü�,

�zØ���.E,Ý�'X��où�?

�é£8?Ö§?�Ú?Ø�zØ�d=A�Ü©�¤.
·��hT´ÄuÔöêâ8TÆS��£8�.§é�½�x ,
KÆS�{��zØ��

ET [(hT (x)− c(x))2].
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 �

½ÂÆS�{éêâx�Ï"ÑÑ�

h̄(x) = ET [hT (x)].

x�Ï"ÑÑ�ý¢IPc(x)�m��O¡�   ���§=

Bias(x) = ET [(hT (x)− c(x)] = h̄(x)− c(x).

 �£ã
ÆS�{éx�ýÿÏ"�éux�ý¢ÑÑ�
 l§Ý.

 ��N
ÆS�{�ÆSUå.

 ���§`²ÆS�{�ÆSUå�r.
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��

Äu�Ó��Nþ�ØÓÔöêâ8�)�ýýýÿÿÿ�������

Var(x) = ET [(hT (x)− h̄(x))2].

���xÆS�{¦^�ÓNþ�ØÓÔöêâ8¤���

ÆS5U�CÄ�¹.

����§`²ÆS�{éêâ6Ä�N=Uå�r.
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?�Ú§·�é�zØ�?1Xe©)µ

ET [(hT (x)− c(x))2]

= ET [h2T (x)− 2hT (x)c(x) + c2(x)]

= ET [h2T (x)]− 2ET [hT (x)]c(x) + c2(x)
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?�Ú§·�é�zØ�?1Xe©)µ

ET [(hT (x)− c(x))2]

= ET [h2T (x)− 2hT (x)c(x) + c2(x)]

= ET [h2T (x)]− 2ET [hT (x)]c(x) + c2(x)

= ET [h2T (x)]− 2h̄(x)c(x) + c2(x)
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?�Ú§·�é�zØ�?1Xe©)µ

ET [(hT (x)− c(x))2]

= ET [h2T (x)− 2hT (x)c(x) + c2(x)]

= ET [h2T (x)]− 2ET [hT (x)]c(x) + c2(x)

= ET [h2T (x)]− 2h̄(x)c(x) + c2(x)

= ET [h2T (x)]− h̄2(x) + h̄2(x)− 2h̄(x)c(x) + c2(x)
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?�Ú§·�é�zØ�?1Xe©)µ

ET [(hT (x)− c(x))2]

= ET [h2T (x)− 2hT (x)c(x) + c2(x)]

= ET [h2T (x)]− 2ET [hT (x)]c(x) + c2(x)

= ET [h2T (x)]− 2h̄(x)c(x) + c2(x)

= ET [h2T (x)]− h̄2(x) + h̄2(x)− 2h̄(x)c(x) + c2(x)

= ET [(hT (x)− h̄(x))2] + (h̄(x)− c(x))2

= Var(x) + Bias2(x).

ù`²�zØ��©)�������Ú   ����²��Ú.
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duD(���3§¦�xéA�*ÿy�7�½
ky = c(x).

·�Ø��

y = c(x) + ε,

Ù¥ε�D(§b½εÑl©ÙE�ÙÏ"�0§=E [ε] = 0.

K

ET∼D|T |,ε∼E [(hT (x)− y)2] = Var(x) + Bias2(x) + E [ε2],

=�zØ��±©)�������!   ���ÚDDD(((nÜ©§Ù¥

D(Ü©�¡�Ø��Ø�§�N
ÆS¯K���JÝ.
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ET∼D|T |,ε∼E [(hT (x)− y)2] = Var(x) + Bias2(x) + E [ε2]

��Ú �Ï~´�p->�.

��.E,ÝLu{ü�

[ÜUå'�f, éêâ6ÄØ¯a
d� �3�zØ�¥åÌ��^.

�X�.E,Ý�Jp

�{�[ÜUåØäOr§ �Åì~�.
�ÆSUå�Jp��5L[Ü�ºx§¦�ÆS�{éê

â6ÄÅì¯a.
��3�zØ�¥�'ÅìO�§�ª���zØ�Øä

O�.
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Figure:  �!����zØ�
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Ä�Vg

êâ!A�!�~!IP!A��m!Ñ\�m!ÑÑ�

m!iÒÆS!�iÒÆS!©a!£8!àa

�.µ��ÀJ

�zØ�!ÔöØ�!ÿÁØ�!�Kz!L[Ü!3Ñ

{!k-ò���y{!3�{!gÏ{

 �-��©)

 �!��! �-��©)! �-��(¸
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