
��VÇ��z©aOK

Ü6d�£8�.

��dúª

È���d©aì

111nnnùùùÄÄÄuuu������VVVÇÇÇ������zzzOOOKKK���©©©aaa���...

2025c3�

111nnnùùùÄÄÄuuu������VVVÇÇÇ������zzzOOOKKK���©©©aaa���...



��VÇ��z©aOK

Ü6d�£8�.

��dúª

È���d©aì

ûü¼ê�^�VÇ

£�|±�þÅ�.¥§lÔö��8 {(xi , yi)}Ni=1 ��Æ

�ûü¼êf (x) = sign(
N∑

i=1
αiyiK (xi , x) + b),é#êâ¢

~x�ýÿŷ��dûü¼ê�Ñ§= ŷ = f (x).
�ù0�±^�VÇ©ÙP(Y |X )�ûü¼êf (x)��.
�©a�{:

Ï~klÔö��8T = {(xi , yi)}N
i=1Æ�^�VÇ©

ÙP(Y |X ).
2é#êâ¢~x Uì��VÇ��z�K(½ýÿŷ§=

ŷ = argmax
y∈Y

P(y |x).
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Ôö��8D = {(xi , yi)}N
i=1,Ù¥ xi = (x (1)

i , x (2)
i , · · · , x (n)

i )T ∈ X ,
yi ∈ Y = {c1, c2, · · · , cK}§i = 1,2, · · · ,N.

òx�aOýÿ�ci¤�)�ºx(Ï"��)�

R(Y = ci |x) =
K∑

j=1

λijP(Y = cj |x),

Ù¥λij´òáucj����½�cia���.

�`ýÿ

�â��dûüØ§éÑ\¢~x��`ýÿŷAT÷v

ŷ = argmin
ci

R(Y = ci |x)
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XJ·�æ^0-1��¼ê§= λij =

{
1, i 6= j
0, i = j

K

R(Y = ci |x) =
∑
j 6=i

1× P(Y = cj |x) + 0× P(Y = ci |x)

=
∑
j 6=i

P(Y = cj |x) = 1− P(Y = ci |x).

�A/§éÑ\¢~x��`ýÿŷAT÷v

ŷ = argmin
ci

[1− P(Y =i |x)]

= argmax
ci

P(Y = ci |x),

=�â��dûüØ§Ñ\¢~x��`ýÿŷ�¦���V
ÇP(y |x)���aIP"
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XÛO��A���VÇP(Y = ci |x)?
éu�Oª�.§��lÔö��8D = {(xi , yi)}Ni=1 ÆS

Ñ��VÇP(Y = ci |x).
éu)¤ª�.§·�I�ÆSÑéÜVÇ©

ÙP(Y = ci , x)§,��

P(Y = ci |x) =
P(Y = ci , x)

P(x)

O�ÑP(Y = ci |x).
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Ü6d�£8�.��±ëê/ª�Ñ^�VÇ©ÙP(Y |X ).

��Ü6d�£8�.

�X = Rn
§Y = {c1, c2}(½ö{1,0})§K��Ü6d�£8�

.´Xe���VÇ©Ùµ

P(Y = c1|x) =
exp(w · x + b)

1 + exp(w · x + b)
,

P(Y = c2|x) =
1

1 + exp(w · x + b)
,

Ù¥x ∈ Rn´Ñ\¢~§Y´ÑÑéA��ÅCþ§ëê���
þw ∈ Rn

§ �b ∈ R"
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��Ü6d�£8�.�©ÙäkÜ6d0¼ê�/ª:
�w · x + b → +∞§ P(Y = c1|x)→ 1
P(Y = c2|x)→ 0¶
�w · x + b → −∞§ P(Y = c1|x)→ 0
P(Y = c2|x)→ 1.

Figure:��Ü6d��.
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éuÑ\¢~x§��Ü6d�£8�.Uì��VÇ��
z�Kéx?1©a§=

y =

{
c1, if P(Y = c1|x) > P(Y = c2|x)
c2, otherwise

XJÚ?Y = c1�AÇ
P(Y=c1|x)
P(Y=c2|x)§þ¡�©aOK��±L

«�

y =

{
c1, if P(Y=c1|x)

P(Y=c2|x) > 1
c2, otherwise
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?�Ú·��ÄY = c1�éêAÇ

logit(Y = c1) = log
P(Y = c1|x)
P(Y = c2|x)

= w · x + b,

Kþ¡�©aOK��±L«�

y =

{
c1, if w · x + b > 0
c2, otherwise

5¿logit(Y = c1)´Ñ\x��5¼ê§Ïd��Ü6d�
£8�.áuéééêêê���555���....
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éuõa©a?Ö§�±�Äõ�Ü6d�£8�.:
Ø��Y = {c1, c2, · · · , cK}§Kõ�Ü6d�£8�.´Xe�
��VÇ©Ùµ

P(Y = ck |x) =
exp(wk · x + bk )

1 +
K−1∑
l=1

exp(wl · x + bl)

, k = 1,2, . . . ,K − 1

P(Y = cK |x) =
1

1 +
K−1∑
l=1

exp(wl · x + bl)

,

Ù¥x ∈ Rn´Ñ\¢~§Y´ÑÑ�ÅCþ§ëê wk ∈ Rn
§

bk ∈ R§k = 1,2, . . . ,K − 1"
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éõ�Ü6d�£8�.5`§e¡�éêAÇE,´Ñ\x�
�5¼êµ

log
P(Y = c1|x)
P(Y = cK |x)

= w1 · x + b1,

log
P(Y = c2|x)
P(Y = cK |x)

= w2 · x + b2,

...

log
P(Y = cK−1|x)
P(Y = cK |x)

= wK−1 · x + bK−1.
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ëê�4�q,�O

�½D = {(xi , yi)}Ni=1§Ù¥ xi ∈ Rn, yi ∈ Y = {0,1}, 1 ≤ i ≤ N.

·�±θ = (w ,b)L«��Ü6d�£8�.�ëê§-

p(x ; θ) = P(Y = 1|x),

Kq,¼ê�

L(θ) =
N∏

i=1

p(xi ; θ)
yi (1− p(xi ; θ))

1−yi .

éêq,¼ê�

log L(θ) =
N∑

i=1

yi log p(xi ; θ) + (1− yi) log(1− p(xi ; θ))
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log L(θ) =
N∑

i=1

yi log p(xi ; θ) + (1− yi) log(1− p(xi ; θ))

=
N∑

i=1

yi log
p(xi ; θ)

1− p(xi ; θ)
+ log(1− p(xi ; θ))

=
N∑

i=1

yi(w · xi + b)− log(1 + exp(w · xi + b))

Këêθ�4�q,�O�

θ̂ = (ŵ , b̂) = argmax
θ=(w ,b)

log L(θ)

Ï~æ^FÝeü{!Úî{½[Úî{5¦).
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�
��zéêq,¼êlog L(θ)§·�-log L(θ)éwÚb� �
ê�0���

∂ log L(θ)
∂w

=
N∑

i=1

xi(yi − p(xi ; θ)) = 0 (1)

∂ log L(θ)
∂b

=
N∑

i=1

(yi − p(xi ; θ)) = 0 (2)

AO/§d
∂ log L(θ)

∂b = 0�±��

N∑
i=1

yi =
N∑

i=1

p(xi ; θ) (3)

ù¿�Xéüa�ÑÑ5`§*ÿgêÚÏ"gêþ��"
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|^��dúª5O���VÇ�´~��ÆS�{��.
�½D = {(xi , yi)}Ni=1§Ù¥ xi = (x (1)

i , x (2)
i , · · · , x (n)

i )T ∈ X ,
yi ∈ Y = {c1, c2, · · · , cK}§i = 1,2, · · · ,N.
d^�VÇúª��

P(Y = ci |x) =
P(Y = ci , x)

P(x)
.

5¿�

P(Y = ci , x) = P(x |Y = ci)P(Y = ci),

�d�VÇúª��

P(x) =
K∑

k=1

P(x |Y = ck )P(Y = ck ),
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dd��

��dúª

P(Y = ci |x) =
P(x |Y = ci)P(Y = ci)

K∑
k=1

P(x |Y = ck )P(Y = ck )

kdÔö��8D = {(xi , yi)}Ni=1Æ�k�VÇ©ÙP(Y )Ú
^�VÇ©ÙP(X |Y ),
éu�½�¢~x§d��dúª��'uz�ci ���V

ÇP(Y = ci |x).
ÏdUì��dúª5O���VÇ�©a�.´)¤ª�..
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��ëê

I�ÆS�k�VÇ©Ù�kK�ëê

{P(Y = ck )}Kk=1.

I�ÆS�^�VÇ©Ùëêµ

Ø�b�êâz�A�Ñ´lÑ�§�1i�A�X (i)��U

����ê�mi§Kéz�aOck§·�I��O�^�V

Ç©ÙP(X |Y = ck )�ëê

P(X (1) = x (1),X (2) = x (2), · · · ,X (n) = x (n)|Y = ck )

�k
n∏

i=1
mi�.

��OXdõ�ëê3éõ¢SÆS?Ö¥´Øy¢�.
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È���d�{b½3a®(½�^�e��êâA�Ñ´

^�Õá�§=

P(X (1) = x (1),X (2) = x (2), · · · ,X (n) = x (n)|Y = ck )

=
m∏

i=1

P(X (i) = x (i)|Y = ck ).

Äu^�Õá5b�§�I�éz�ack§éz�A��O

^�VÇ©ÙP(X (i) = x (i)|Y = ck )=�§ùòI��O�

ëêd
n∏

i=1
mi��~�

n∑
i=1

mi�.
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�½Ôö��8D = {(xi , yi)}Ni=1,Ù¥éz�1 ≤ i ≤ N5
`, xi = (x (1)

i , x (2)
i , · · · , x (n)

i ) ∈ X , yi ∈ {c1, c2, · · · , cK}.
�1j�A�X (j)��U���a(j)

1 ,a(j)
2 , · · · ,a(j)

mj
,K

k�VÇ©Ù�4�q,�O�:

P̂(Y = ck ) =

N∑
j=1

I(yj = ck )

N
, k = 1,2, · · · ,K .

éz�ack§1i�A��^�VÇ©Ù�4�q,�O�:

P̂(X (i) = a(i)
l |Y = ck ) =

N∑
j=1

I(x (i)
j = a(i)

l , yj = ck )

N∑
j=1

I(yj = ck )

,

Ù¥l = 1,2, . . . ,mi§i = 1,2, . . . ,n.
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éu#�Ñ\¢~x = (x (1), x (2), · · · , x (n))§K��VÇ

P̂(Y = ck |x) =

(
n∏

i=1
P̂(X (i) = x (i)|Y = ck )

)
P̂(Y = ck )

K∑
l=1

(
n∏

i=1
P̂(X (i) = x (i)|Y = cl )

)
P̂(Y = cl )

.

�â��VÇ��z©a5K§Kx�aOýÿ�
y = argmax

ck∈Y
P̂(Y = ck |x).

5¿�

P̂(Y = ck |x) ∝

 N∏
i=1

P̂(X (i) = x (i)|Y = ck )

 P̂(Y = ck ),

Kx�aOýÿ��L«�

y = argmax
ck∈Y

( n∏
i=1

P̂(X (i) = x (i)|Y = ck )

)
P̂(Y = ck ).
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È���d©aì

XJx�,�A�X (i)���x (i)Úack3Ôö��¥vkÓ

�Ñy§K�A^�VÇ�4�q,�O

P̂(x (i)|Y = ck ) = 0.

l��VÇ

P̂(Y = ck |x) = 0.

ù¦�ack¯¢þ�£Ñx��UaIP�ÿÀ§l�U
��©a�Ø.
æ^��d�O�±;�ù«�¹.
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�4�q,�O�'§��d�O

éz�aÑy�ªê
N∑

j=1
I(yj = ck )Úz�A�Úa�åÑy

�ªê
N∑

j=1
I(x (i)

j = a(i)
l , yj = ck )Ñ\±λ ≥ 05é�'VÇ?

1²w.
λ = 1�¡�Laplace²w.

äN5`§

k�VÇ©Ù���d�O�

P̂λ(Y = ck ) =

N∑
j=1

I(yj = ck ) + λ

N + Kλ
, k = 1,2, · · · ,K .
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éz�ack§1i�A��^�VÇ©Ù���d�O�

P̂λ(X (i) = a(i)
l |Y = ck )

=

N∑
j=1

I(x (i)
j = a(i)

l , yj = ck ) + λ

N∑
j=1

I(yj = ck ) + miλ

,

Ù¥l = 1,2, . . . ,mi§i = 1,2, . . . ,n.
XJλ = 0§d���d�OÒ´4�q,�O.
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�(

��VÇ��z�K

ŷ = argmax
ci

P(Y = ci |x)

�½Ôö��8§XÛÆ���VÇ©ÙÏ~kü«�ª§
=�OªÚ)¤ª:

�Oª�.��ÆSP(Y |X ).
)¤ª�.ÆSP(X ,Y ).

�Oª�.: Ü6d�£8�.
��Ü6d�£8�..
õ�Ü6d�£8�..

)¤ª�.:È���d©aì
4�q,�O.
��d�O.
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