
k -C�{
�C�{

�C�{�*Ð

111oooùùùÄÄÄuuuCCC������©©©aaa���{{{

2025c3�14F

111oooùùùÄÄÄuuuCCC������©©©aaa���{{{



k -C�{
�C�{

�C�{�*Ð

3F~)¹¥·��²~æ^“CÁö»!C$öç0��ª§
|^¯Ô�m��q55é#¯Ô?1�'ýÿ.

ÄuC��©a�{Ò´ù��a�{:
�âÔö��8¥�#êâ¢~'��q�eZ��£��

¡��#êâ�C�¤�aIP5ýÿ#êâ�aIP.
ùa�{Ï~¿Øwª/lÔöêâÑu&¢êâ�A��

þÚ�A�aIP�m�²(éX.
vkwª��.ÆS½ÔöL§§���¡�“ý50ÆS
�{.

111oooùùùÄÄÄuuuCCC������©©©aaa���{{{



k -C�{
�C�{

�C�{�*Ð

ÄuC��©a�{�Ø%¯K:
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ÀJ=
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êâ:�m�ål

�{µe

k -C�{�Ì�g�

éu��#�êâx�aOýÿ5`§
kl�½�Ôö��8¥éÑÚx ��C�k���§
,�ÏLéùk�C����aOIP?1õêÓ`�Ý¦
�ª5(½x �aIP.

é�½k��k -C�{5`§Ø%¯KÒ´XÛlÔö��
8¥(½�x��C�k���.
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A��m´n�¢�þ�mRn��/e§Ï~¦^ü�A��þ

�Minkowskiål5Ýþü�A��þ��q5.

�xi , xj ∈ X = Rn,KxiÚxj�m�Minkowskiåldistp(xi , xj)½
Â�

distp(xi , xj) = ‖xi − xj‖p =

(
n∑

l=1

|x (l)
i − x (l)

j |
p

) 1
p

,

ùpp ≥ 1§xi = (x (1)
i , x (2)

i , · · · , x (n)
i )T �

xj = (x (1)
j , x (2)

j , · · · , x (n)
j )T .
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�p = 1�§dist1(xi , xj)�¡�ùMî£Manhattan¤ål½
ö�«ål§=

dist1(xi , xj) = ‖xi − xj‖1 =
n∑

l=1

|x (l)
i − x (l)

j |

�p = 2�§dist2(xi , xj)Ò´î¼ål§=

dist2(xi , xj) = ‖xi − xj‖2 =

√√√√ n∑
l=1

|x (l)
i − x (l)

j |2.

�p =∞�§dist∞(xi , xj)Ò´�'ÈÅ£Chebyshev¤å
l§=

dist∞(xi , xj) = ‖xi − xj‖∞ = max
1≤l≤n

|x (l)
i − x (l)

j |.
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���mR2¥ü�êâ:x1Úx2 �m�ùMîål!î¼ål

Ú�'ÈÅål�'�«¿:

Figure:ùMîål!î¼ålÚ�'ÈÅål
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R2�m¥3ØÓÝþe¤k�x1�ål�udistp(x2, x1)�êâ
:�©Ù�¹:

Figure:÷vdist(x , x1) = dist(x2, x1)�:x�©Ù�¹
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XJêâ:���A���5ØÓ§�±¦^\

�Minkowskiåldistwp5Ýþü�A��þ��q5µ

distwp(xi , xj) =

(
n∑

l=1

wl |x
(l)
i − x (l)

j |
p

) 1
p

,

ùpwl ≥ 0^uL«1l�A���§Ý§Ï~·��¦

n∑
l=1

wl = 1.
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�½

Ôö��8D = {(xi , yi)}Ni=1,Ù¥xi ∈ X = Rn,
yi ∈ Y = {cm}Mm=1, i = 1,2, · · · ,N.
�½ålÝþ�dist .

k -C�{é#¢~:x¤áaOy�ýÿde�üÚ|¤µ
(1) ÄuålÝþdist§éÑÔö��8D¥�x��C�k�:
�¤�x���Ndist

k (x);
(2) éNdist

k (x)¥���:æ^XeõêÓ`�Ý¦5Kû½x¤
á�ayµ

y = argmax
cm

∑
xi∈Ndist

k (x)

I(yi = cm).

111oooùùùÄÄÄuuuCCC������©©©aaa���{{{



k -C�{
�C�{

�C�{�*Ð

êâ:�m�ål

�{µe

õêÓ`�Ý¦5K5K�²�ºx��z

éNdist
k (x)¥���:æ^XeõêÓ`�Ý¦5Kû½x¤

á�ay .
æ^0-1��¼ê§XJºXNdist

k (x)�«��aO´cm§K

Ø©aÇ(²�ºx)�
1
k

∑
xi∈Ndist

k (x)

I(yi 6= cm) = 1− 1
k

∑
xi∈Ndist

k (x)

I(yi = cm).

K

min
cm∈Y

1
k

∑
xi∈Ndist

k (x)

I(yi 6= cm)

�du

max
cm∈Y

1
k

∑
xi∈Ndist

k (x)

I(yi = cm).
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ålÝþéýÿ(J�K�

�½Y = {+1,−1}��a©a¯K
�a��8 D+1 = {x1 = (2,2)T , x2 = (0,4)T},
Ka��8D−1 = {x3 = (−1,−3)T , x4 = (−3,−2)T}.

éêâ¢~x = (0,0)T5`§

XJ·�ÀJùMîåldist1§K

dist1(x1, x) = 4, dist1(x2, x) = 4,

dist1(x3, x) = 4, dist1(x4, x) = 5.

u´�x��C�3�:�¤�x���

Ndist1
3 (x) = {x1, x2, x3},

K·�òx�aOýÿ�y = +1.
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ålÝþéýÿ(J�K�

éêâ¢~x = (0,0)T5`§

XJ·�ÀJî¼åldist2§K

dist2(x1, x) = 2
√

2, dist2(x2, x) = 4,

dist1(x3, x) =
√

10, dist1(x4, x) =
√

13.

u´�x��C�3�:�¤�x���

Ndist2
3 (x) = {x1, x3, x4},

K·�òx�aOýÿ�y = −1.
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ålÝþéýÿ(J�K�

Figure:ålÀJ�k�ÀJéýÿ(J�K�
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k�ÀJéýÿ(J�K�

éêâ¢~x = (0,0)T5`§XJ·�ÀJî¼åldist2§�
-k = 3§K�x��C�3�:�¤�x���

Ndist2
3 (x) = {x1, x3, x4},

K·�òx�aOýÿ�y = −1¶
-k = 1§K�x��C���:�x1§=

Ndist2
1 (x) = {x1},

d�x�aOýÿ�y = +1.
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k�ÀJéýÿ(J�K�

XÛÀJÜ·� k�Qº
XJÀJ'���k�§�Ñ\¢~Ø��q�Ôö���
�U¬éÑ\¢~�aI\ýÿå�^§��ýÿ�Ø¶

�XJk���§Kýÿ(J�6u�OÚÑ\¢~�éé
�q�Ôö��§N´��ýÿéD(6Ä�N=§ÝØ

p.
��kl'���k �m©§�gO\§ÀJ3�y8þ©
a�ØÇ���k�.
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ék -C�{5`§XJk = 1§K¡��C�{.
�C�{éÑ\¢~:x�aOýÿ��d�x�C�Ôö
���aOIP(½§=

y = argmin
yi

dist(xi , x).

ù¦��C�{�ýÿ �����.
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A��my©

�C�{Ù¢òA��m?1
��y©X =
N⋃

i=1
Ri .

éz�y©ü�Ri5`§Tü��êâ:�Ù¦Ôö���

ålÑØ¬�u���xi�ål§=

Ri = {x ∈ X |dist(x , xi) = min
1≤j≤N

dist(x , xj)}.

á\z�y©ü�Ri�ÿÁ���aOýÿÚTü��éA

�Ôö��xi�aOIP�±��§=é?�x ∈ Ri§Ñ

ky = yi .
lù��Ý5`§z���:é�A�y©ü�Jø
�

�L«.
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A��my©

Figure:�C�{é�m�y©
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3 �C�{�*Ð

ÄuK-means�©a�{
ÆS�þþz�{
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ÄuK-means�©a�{
ÆS�þþz�{

XJÔö��8¥�3�|ÓaO���:�~�q§�*

þù
�~�q���:¤�L�y©ü�¥�êâ:AT

�'��q.
UÄòù|�q���:éA�y©ü�Ü3�åw���

'���êâ«�?
XÛ?nù�|�~�q��L:?
UÄÏL��A½�êâ:('Xù|��:�¥%�)5O
�ù|Ôö��:��ù�êâ«���L,l����
5�'���#“Ôöêâ8”?
XJUkù��O�§é#êâ¢~aO�ýÿ?ÖÒ�

±�Ä3ù�����5��O�Ôöêâ8þA^�C�

{.
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ÄuK-means�©a�{
ÆS�þþz�{

�¢yù���{§I�)ûü�¯Kµ

ÄkI�(½Ôö��8�y©Å�:U
òÔö��8Dy
©¤eZp½�f8¦�

z�f8¥�Ôö��:¦�U�p'��q§

ØÓf8���¦�UØÓ.

ÙgI��½^±(½z�f8��L:�Å�.
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ÄuK-means�©a�{
ÆS�þþz�{

ÄuK-means�©a�{

�½Ôö��8D = {(xi , yi)}Ni=1,±DiL«áuaci�Ôö��

8§i = 1,2, · · · ,M.
æ^K-means�{òz�Diy©�K�ü�.
±áuz�ü��Ôö���A��þ�þ���Tü��

�L.
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ÄuK-means�©a�{
ÆS�þþz�{

@oK-means�{XÛòz�Diy©�K�ü�Qº·�Ø��

(Di1,Di2, · · · ,DiK )

�Di���y©§Kz�Dij¥��A��þ�þ��

cij =
1
|Dij |

∑
(xt ,yt )∈Dij

xt .

K-means�{�8I´Ïé��y© (D∗i1,D
∗
i2, · · · ,D

∗
iK )¦�ê

â©Ù�����§=

(D∗i1,D
∗
i2, · · · ,D

∗
iK ) = argmin

Di1,Di2,··· ,DiK

K∑
j=1

∑
(xt ,yt )∈Dij

‖ xt − cij ‖22
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ÄuK-means�©a�{
ÆS�þþz�{

K-means�{

�����y©Ï~3¢SA^¥éJ��§��æ^Xe�C

qy©�{µ

(1) ÀJK�:ci1, ci2, · · · , ciK��Ð©:¶

(2) UXe�{�Ey©Di1,Di2, · · · ,DiKµéz

�(xt , yt) ∈ Di (ùpyt = ci )§-

lxt = argmin
j
‖ xt − cij ‖2,

K

Dij = {(xt , yt) ∈ Di ∧ lxt = j}

=òxty©�Úxt ål�C�þ�:éA�ü�¥¶

111oooùùùÄÄÄuuuCCC������©©©aaa���{{{



k -C�{
�C�{

�C�{�*Ð

ÄuK-means�©a�{
ÆS�þþz�{

K-means�{

(3) éz�Dij§�#Ùþ��

cij =
1
|Dij |

∑
(xt ,yt )∈Dij

xt .

(4) E(2)Ú(3)§��Âñ;
(5) �£y©Di1,Di2, · · · ,DiK9Ù�A�þ��

þci1, ci2, · · · , ciK .
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ÄuK-means�©a�{
ÆS�þþz�{

ÄuK-means�©a�{

·�±ci1, ci2, · · · , ciK��Di�y©Di1,Di2, · · · ,DiK��L

:.
¿�±ci��z�cij�aIP.
?�Ú§·��±òM × K��L:�¤�:8

D′ = {(ci1, ci), (ci2, ci), · · · , (ciK , ci)}Mi=1

��“Ôö��8”.
é#Ñ\êâ:xæ^�C�{?1©a§ò�x�C��
L:�aIP��x�aIP§=

y = argmin
ci

min
1≤k≤K

dist(x , cik ).
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ÄuK-means�©a�{
ÆS�þþz�{

ÄuK-means�©a�{

Figure: M = K = 3�ÄuK-means��C�{
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ÄuK-means�©a�{
ÆS�þþz�{

ÄuK-means�©a�{�´ÄuÓa��5Õá(½«�
�L:.
�U¬¦�,
�L:l©a>.'�C��¦^�C�

�K©a�ÑyØ©a��¹.

Figure: K -means�ÆS�þþz(½��L:�'�
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ÄuK-means�©a�{
ÆS�þþz�{

ÆS�þþz�{

ÆS�þþz�{éz�acm�ïK��L:.
�Ì“�L:�CÓaÔö���lÉa��0��K5
N��L:§¦�ÓaÚÉa��Ñ3�L:��ïL§¥

å�^.
ÆS�þþz�{µeµ

(1) éz�acm�ÅÀJK�:

lm1, lm2, · · · , lmK

��Ù�L:�þ�Ð©�§¿±cm��ù
�L:�a

IP¶

(2) �ÅÀJ��Ôö�� (xi , yi) ∈ D§éÑ�xi�C��L

:lm∗k∗§=

lm∗k∗ = argmin
lmk

‖ xi − lmk ‖2
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ÆS�þþz�{µe

(3) XJyi = m∗§Kélm∗k∗?1Xe�#µ

lm∗k∗ ← lm∗k∗ + η(xi − lm∗k∗)

ÄKélm∗k∗?1Xe�#µ

lm∗k∗ ← lm∗k∗ − η(xi − lm∗k∗)

(4) E(2)(3)§��÷vÊ�^�"
ùpη ∈ (0,1)´ÆSÇ"

ÚÄuK-means�©a�{��§�±ò�L:�8ÜÀ�
#�“Ôö��80§é#Ñ\�ÿÁêâA^�C�{
5ýÿÙaIP"
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ÄuK-means�©a�{
ÆS�þþz�{

3�L:�#¥§XJxiÚ´lm∗l∗´ÓaO�§K

‖ xi − [lm∗k∗ + η(xi − lm∗k∗)] ‖2
= (1− η) ‖ xi − lm∗k∗ ‖2
≤ ‖ xi − lm∗k∗ ‖2;

��§K

‖ xi − [lm∗k∗ − η(xi − lm∗k∗)] ‖2
= (1 + η) ‖ xi − lm∗k∗ ‖2
≥ ‖ xi − lm∗k∗ ‖2 .
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ÄuK-means�©a�{
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�(
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ÄuK-means�©a�{
ÆS�þþz�{

�C�{9Ù*Ð�{¥��L:��±�¡��Aêâ«

�½öü���.£Prototype¤§Ïdùa�{Ï~�¡
��.�{½ö��.(model-free)�{.
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