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Äu�Ý�àa�{

111lllùùùàààaaa{{{000

2025c4�

111lllùùùàààaaa{{{000



àa©Û

Äu�.�àa�{
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VVV���

1 àa©Û
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àa©Û

Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

�iÒÆS�'§ÃiÒÆSÄuêâ8D = {xi}Ni=1.
éz�êâA��þxi 5`§Ø2k�A�IP&Eyi¶

ÃiÒÆS�?Ö

Ø2´Æ�hD : X → Y§

´uyêâ8D£�m¤¤%¹��£�ª.

ØUÏLé'Ôö��xi�IPyiÚÆ���.�Ñ�ý

ÿŷi5éÆS�{�Ñµ�.
ÃiÒÆS¡��õ]Ô.
àa(Clustering)��ÃiÒÆS�;.ÆS?Ö��.
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àa©Û

Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

àa8I3uuyêâS3�©Ù(�.
�½êâ8D = {xi}Ni=1§éD¥êâ?1àaÒ´òù
�
�y©¤eZ�f8£Ï~pØ��¤§¦�

áuÓ�f8¥���¦�U�p�q§

ØÓf8¥���¦�UØÓ.

¡y©�z���f8�/q0(Cluster).
@�z�qéAu�
d3�Vg.
àa�{�µdÏ~�k�½�Ì*5§
��ÆS|µ�

'.
na'�k�L5�àa�{

Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{
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VVV���

1 àa©Û

2 Äu�.�àa�{

K -meansàa�{X�
pd·Ü�.
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

Äu�.��{Ï~b�êâS3�©Ù(��±ÏL�|
�.5�x.

ùa�{Ï~ké�.?1Ð©z§,�Uì�A�üÑÚ

OKé�.?1S��#.
�.L«Ú�.�#Å�´Äu�.�àa�{�Ø%.
'XK -meansàa�{X�

,��¡§lêâ)¤Å�5w§��±@�ØÓq�êâ
5gØÓ�©Ù§Ï
��qéA�VÇ©Ù�.��±�
�Ù�..

'XÄupd·Ü�.�àa�{.
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

K -meansàa�{

�½��8D = {xi}Ni=1§Ù¥xi ∈ Rn§ i = 1,2, . . . ,N.
·��àa�{ò��8Dy©�K���qC = {Cl}Kl=1¦

�∪K
l=1Cl = D �é?¿l 6= m§k Cl ∩ Cm = ∅.

Ú©aÆS|µaq§XJxi ∈ Cλi§·�Ò±λi��xi�q

IP§¿òàa�(JL«�qIP�þ

λ = (λ1, λ2, · · · , λN)T .

K -meansàa�{±z�q¥���þ��þ��Tq�
�.L«§=éqCl5`§±þ��þ

µl =
1
|Cl |

N∑
i=1

xi I(xi ∈ Cl)

��q%.
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�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

K -meansàa�{

K -meansàa�{±²�Ø�Ú

El =
∑
x∈Cl

‖ x − µl ‖22

5ÝþTqS���7q%�;�§Ý.
5¿�

2El = 2
∑
x∈Cl

‖ x − µl ‖22=
1
|Cl |

∑
xi ,xj∈Cl

‖ xi − xj ‖22,

KEl��x
qClS���²þ*d�C§Ý.
K -meansàa�{æ^�%üÑ§ÏLS�`z5Cq¦
)��z¯K

min
C

K∑
l=1

El .

111lllùùùàààaaa{{{000



àa©Û

Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

K -meansàààaaa���{{{
ÑÑÑ\\\µ��8D = {xi}Ni=1¶àaq�êK
ÑÑÑÑÑÑµ��qy©C = {Cl}Kl=1

(1) ÀJK���:��Ð©q%µ1, µ2, · · · , µK¶

(2) -Cl = ∅ (1 ≤ l ≤ K )
(3) éz�xi§¦xi�qIP λi = argmin

1≤j≤K
‖ xi − µj ‖2,

òxiy©�Cλi¥µ Cλi = Cλi ∪ {xi}.
(4) éz�Cl (1 ≤ l ≤ K )§�#Ùq%�

µl =
1
|Cl |

N∑
i=1

xi I(xi ∈ Cl)

(5) ­E(2)-(4)§��y©Ø2Cz;
(6) �£qy©C = {Cl}Kl=1.
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

éK -meansàa�{5`
�ªy©(J�U�6u�ÅÀJ�Ð©q%.
��ÄuØÓ�Ð©q%õg$1K -meansàa�{.
K -meansàa�{±qS���þ��þ��q%§±²
�Ø�¼ê��q;�Ý�Ýþ�ª§ùé�à/G�q�

uy5`¿Ø�½Ü·.
þ�$�éD(Úl+:£�l�õê���:¤'�¯

a.
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

K -meansàa�{�CN

K -¥%:�{ÏL]ÀqS�é?u�¥% ����¢
S��:
���þ��þ5��q%.
Ù¦z���:zÓÑ�y©��cq%�Ù��q�q

¥.
^olL«qCl�q%��:§^dist(xi ,ol)L«��
:xiÚol��É§ÝÝþ§KK -¥%:�{��uÏL��
zýéØ�

E =
K∑

l=1

∑
x∈Cl

dist(x ,ol)

5�¤àay©.
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

�7¥%:�y©�{(Partitioning Around Medoids§{
¡PAM )´�«;.�K -¥%:àa�{.

Äkéz�q�¥%:?1�ÅÐ©z§¿ò�¥%:��

�y©�q%�Ù��q�q¥§/¤��8�Ð©y©.
,�æ^�%üÑ§S��#y©§��vkCz��.

é�c���¥%:ol§�ÅÀJ���¥%:��xi§µ�

±xi O�ol��q%UÄ���Ð�y©.
XJù«O�U���Ð�y©§K±xi��qCl�#¥%

:§,�é�c��¥%:��?1­#y©¶

}Áù�¤k�U�O�§��qy©Ø2u)Cz��.

PAM�{¦^¥%:��q��.L«§�±;�þ��þ
���.�´Él+:K��¯K.
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Äu�.�àa�{
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Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

pd·Üàa�{b½ØÓ�q���´�âØÓ�VÇ©

Ù(pd©Ù))¤�.
±��q¤éA�pd©Ù��y©q��|�.�x.
pd·Ü�.´�äkXeVÇ©Ù�Ý¼ê�©Ù�.µ

pGM(x |θ) =
k∑

i=1

αip(x |µi ,Σi),

ùpθ = {(αi , µi ,Σi)}ki=1��.ëê§Ù¥

αi ≥ 0�·ÜXê§
k∑

i=1
αk = 1¶

p(x |µi ,Σi )�þ��þ�µi§���Ý
�Σi�n�pd©Ù
�Ý¼ê§=

p(x |µi ,Σi ) =
1√

(2π)n|Σi |
exp(−1

2
(x− µi )

T Σ−1
i (x− µi )),

·�¡Ù�1i�©�..
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

AO/§XJn = 1§K©�.�pd©Ù�Ý¼ê

p(x |µi , σ
2
i ) =

1√
2πσi

exp(−(x − µi)
2

2σ2
i

),

Ù¥µiÚσ
2
i ©O�T©Ù�Ï"Ú��.

�½��8D = {xj}Nj=1,Äupd·Ü�.�àa�{b½
��xj�âpd·Ü©Ù)¤,=k±VÇαiÀJ1i�©�
.,,��â�ÀJ�©�.éA�pd©Ùp(x |µi ,Σi))¤
�A��xj .
Ø���1i�©�.éA�q�Ci§i = 1,2, · · · , k .
éz�xj§½Â���ÅCþzj5L«)¤xj�©�.§

=zj = iL«xj�â1i�©�.)¤§�k

P(zj = i) = αi , i = 1,2, · · · , k .
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

Äupd·Ü�.�àa�{æ^��VÇ��z�K§

òxjy©���VÇP(zj = i |xj)���q¥§=

λj = argmax
i∈[1,k ]

P(zj = i |xj)

@o��VÇXÛO�Qºd��dúª§

P(zj = i |xj) =
αip(xj |µi ,Σi)

k∑
l=1

αlp(xj |µl ,Σl)

.

�A�y©5K��±�¤

λj = argmax
i∈[1,k ]

αip(xj |µi ,Σi).
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

�½��8D = {xj}Nj=1§·��Äéêq,¼ê

LL(θ|D) = log(
N∏

j=1

pGM(xj |θ))

=
N∑

j=1

log
(
pGM(xj |θ)

)
=

N∑
j=1

log

(
k∑

i=1

αip(xj |µi ,Σi)

)
.

éùa¯K§��¦)'�(J.
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Äu�.�àa�{
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Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

£�'uêâ©üÚ)¤�b½:
1�Ú��ué©�.?1Ä�§�ù
êâ´Ø�*ÿ

�§

*ÿ��´1�Ú�â1�Úæ����©�.Ä����.

½ÂXe�ÅCþzji5�x��xj ´�â1i�©�.æ
�§=vk*ÿ��1�Ú�æ�(Jµ

zji =

{
1, xj5g1 i �©�.
0, ÄK

·�¡ù��Ø�*ÿ��ÅCþ�ÛCþ.
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

Ú\ÛCþzji§�±ò1�Ú�����xj*Ð����ê

â(xj , zj1, · · · , zjk ).
±ZL«ÛCþ�êâ§K��êâ�éêq,¼ê�

LL(θ|D,Z ) = log

 N∏
j=1

k∏
i=1

[
αip(xj |µi ,Σi)

]zji


= log

 k∏
i=1

α(
N∑

j=1
zji )

i

 N∏
j=1

[
p(xj |µi ,Σi)

]zji


=

k∑
i=1

(
N∑

j=1

zji) logαi +
N∑

j=1

zji log p(xj |µi ,Σi)

 .

~æ^EM�{S�¦)ùa¹Ûêâ�éêq,¼ê4�
z¯K.
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�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

EM�{zgS��¹üÚµ
EÚ§¦Ï"µÄu�cëêθ��O�θ(t)§O�éêq,

¼ê'uÛCþZ�Ï"µ

Q(θ|θ(t)) = EZ [LL(θ|D,Z )|D, θ(t)]

=
∑

Z

LL(θ|D,Z )P(Z |D, θ(t))

MÚ§4�zµÏL4�zÏ"(½ëê�O��
#θ(t+1)µ

θ(t+1) = argmax
θ

Q(θ|θ(t)).

�½ëêθ�Ð©�θ(0)§EM�{­EEÚÚMÚ§��Âñ�Û
Ü�`)"
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�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

^EM�{�Opd·Ü�.·ÜXêÚ�©�.�ëêµ

LL(θ|D,Z ) =
k∑

i=1

(
N∑

j=1

zji) logαi +
N∑

j=1

zji log p(xj |µi , σ
2
i )

 ,

-ni =
N∑

j=1
zji§K

LL(θ|D,Z ) =
k∑

i=1

ni logαi +
N∑

j=1

zji log p(xj |µi , σ
2
i )


=

k∑
i=1

ni logαi +
N∑

j=1

zji

[
log

(
1√
2π

)
− log σi −

1
2σ2

i
(xj − µi)

2

] .
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Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

�
O��½θ(t)�^�eéêq,¼ê'uÛCþZ�Ï
"§I�O�zji'uÛCþZ�Ï"γ(t)

ji :

γ
(t)
ji = EZ [zji |D, θ(t)] = P(zji = 1|D, θ(t))

= P(zj = i |D, θ(t)) =
α

(t)
i p(xj |µ

(t)
i , σ2

i
(t)

)
k∑

l=1
α

(t)
l p(xj |µ

(t)
l , σ2

l
(t)

)

.

KéEÚ5`§ Q(θ|θ(t)) = EZ [LL(D,Z |θ)|D, θ(t)]

=
k∑

i=1

(
N∑

j=1

γ
(t)
ji ) logαi +

N∑
j=1

γ
(t)
ji

[
log

(
1√
2π

)
− log σi −

1
2σ2

i
(xj − µi )

2
] .
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�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

éMÚ5`§

θ(t+1) = argmax
θ

Q(θ|θ(t)).

-
∂Q(θ|θ(t))

∂µi
= 0��

N∑
j=1

γ
(t)
ji

[
1
σ2

i
(xj − µi)

]
= 0.

Ïd

µ
(t+1)
i =

N∑
j=1

γ
(t)
ji xj

N∑
j=1

γ
(t)
ji

, i = 1,2, · · · , k .
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

-
∂Q(θ|θ(t))

∂σ2
i

= 0

��

(σ2
i )(t+1) =

N∑
j=1

γ
(t)
ji (xj − µ

(t+1)
i )2

N∑
j=1

γ
(t)
ji

, i = 1,2, · · · , k .

éëêαi5`§��É�
k∑

i=1
αi = 1, αi ≥ 0��å. ·�æ

^.�KFéó{§�E.�KF¼ê

L(θ, β) = Q(θ|θ(t)) + β(1−
k∑

i=1

αi).
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�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

-
∂L(θ, β)

∂αi
= 0

�

n(t)
i = βαi .

ü>é¤k©�.¦Ú�

N =
k∑

i=1

n(t)
i = β

k∑
i=1

αi = β.

�

α
(t+1)
i =

n(t)
i
β

=

N∑
j=1

γ
(t)
ji

N
, i = 1,2, · · · , k .
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K -meansàa�{X�
pd·Ü�.

éuõ�pd·Ü�.5`§EM�{�ëê�#�:

µ
(t+1)
i =

N∑
j=1

γ
(t)
ji xj

N∑
j=1

γ
(t)
ji

,

Σ
(t+1)
i =

N∑
j=1

γ
(t)
ji (xj − µ

(t+1)
i )(xj − µ

(t+1)
i )T

N∑
j=1

γ
(t)
ji

,

α
(t+1)
i =

N∑
j=1

γ
(t)
ji

N
, i = 1,2, · · · , k ,

Ù¥ γ
(t)
ji = P(zj = i |D, θ(t)) =

α
(t)
i p(xj |µ

(t)
i ,Σ

(t)
i )

k∑
l=1

α
(t)
l p(xj |µ

(t)
l ,Σ

(t)
l )

.
111lllùùùàààaaa{{{000



àa©Û

Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

ÄÄÄuuupppddd···ÜÜÜ���...���àààaaa���{{{

ÑÑÑ\\\µ��8D = {xi}Ni=1¶àaq�êk
ÑÑÑÑÑÑµ��qy©C = {Cl}kl=1

(1) -Cl = ∅ (1 ≤ l ≤ k )
(2) Ð©zpd·Ü�.�ëêθ = {(αi , µi ,Σi)}ki=1

(3) EÚµÄu�cëê�O§O���VÇ

γji = P(zj = i |D, θ)

i = 1,2, · · · , k ; j = 1,2, · · · ,N.
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Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

(4) MÚµÄu�cëê�O§�#ëê

µi =

N∑
j=1

γjixj

N∑
j=1

γji

,

Σi =

N∑
j=1

γji(xj − µi)(xj − µi)
T

N∑
j=1

γji

,

αi =

N∑
j=1

γji

N
, i = 1,2, · · · , k .
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Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

(5) ­E(3)-(4)§��Âñ;
(6) éz�xj§¦xj�qIP

λj = argmax
i∈[1,k ]

αip(xj |µi ,Σi).

òxjy©�Cλj¥µ

Cλj = Cλj ∪ {xj}.

(7) �£qy©C = {Cl}kl=1.
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Äu�Ý�àa�{

K -meansàa�{X�
pd·Ü�.

VVV���

1 àa©Û

2 Äu�.�àa�{

K -meansàa�{X�
pd·Ü�.

3 �gàa�{
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Äu�Ý�àa�{

�gàa�{

#N3àaL§¥é®k�q?1Ü¿½ö©�.
ÏLé��8ØÓ�g�y©/¤ä/��gàa(�.
�±ò¤k��w�´��Ð©q,æ^gº�e�
©ü
Ñ.
��±òz���w¤��Ð©�q§æ^g.�þ�àÜ

üÑ.
Ï~�gàa�{Ø�½I�Jc�½q��ê.
�±��Ù¦�ª�^�5(åq�©�½öÜ¿L§.
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

AGNES(AGglomerative NESting)�{
�«;.�gàa�{.
æ^g.�þ�àÜüÑ?1qàÜ.

z����¤�q��Ð©q(�,
­E�1ò�cq¥ål�C�ü�q?1Ü¿�ö�§

��÷vª�^�£'X�cq��ê��ý½�ê8¤.

Ø%¯K:XÛÝþü�q�m�ålQº
qCiÚCj�m�åld(Ci ,Cj)�±ÏL©Oáuü�q��
��m�ål5½Â.
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Äu�Ý�àa�{

~��q�m�ål½Âk:
������ååålllµdmin(Ci ,Cj) = min

x∈Ci ,x ′∈Cj

dist(x , x ′)¶

������ååålllµdmax(Ci ,Cj) = max
x∈Ci ,x ′∈Cj

dist(x , x ′)¶

²²²þþþååålllµ davg(Ci ,Cj) = 1
|Ci |×|Cj |

∑
x∈Ci ,x ′∈Cj

dist(x , x ′);

���%%%ååålllµdCentroid (Ci ,Cj) = dist(ci , cj)§Ù

¥ci = 1
|Ci |

∑
x∈Ci

x§cj = 1
|Cj |

∑
x ′∈Cj

x ′¶

¥¥¥%%%:::ååålllµdMedoid (Ci ,Cj) = dist(oi ,oj)§Ù¥oiÚoj©O

�qCi ÚCj�¥%:.
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eã¥�Ñ
ü�q�m���ål!��ålÚ�%ål�«

¿:

Figure:q���ål!��ålÚ�%ål

XJ��àa�{©OÀ^��ål!��ål!²þål

��ü�q�ål§K�A��{©O�¡�üë��{!

�ë��{!þë��{"
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AGNES�{Ï~æ^üë��ª.
AGNES�{æ^ål(�É5)Ý
5���cq�m�å
l§Ð©ålÝ
�N × N�é¡Ý
M§�

M(i , j) = d(Ci ,Cj), i , j = 1,2, · · · ,N.

�Xzgål�C�ü�q�Ü¿§éålÝ
���A�
?�:

Ø���cål�C�ü�àaq�Ci∗ÚCj∗�i∗ < j∗§K
(1) òCj∗¿\Ci∗§òÜ¿±��#qE,P�Ci∗§¿ò¤k

j > j∗ q Cj �eI~1§­#IP�Cj−1¶

(2) íØ�cålÝ
M�1j∗ 1�1j∗�¶
(3) òM(i∗, j)ÚM(j , i∗)�#�d(Ci∗ ,Cj).

DIANA(Divisive Analysis)�{�Ð�AGNES�{�g��
Ð��§æ^lº�e�©��{?1�gàa.
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^äGã5£ãAGNES�{ØÓ�g�qàÜL§.

Figure:qàÜL§�äGã
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VVV���

1 àa©Û

2 Äu�.�àa�{

K -meansàa�{X�
pd·Ü�.

3 �gàa�{

4 Äu�Ý�àa�{
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Äu�.�àa�{

�gàa�{

Äu�Ý�àa�{

Äu�Ý�àa�{

òqw�´êâ�m¥�DÕ«�©m�È�«�.
àaÒ´uy¿Øä*ÐÈ�«��L§.
�*þ·��±l����:���\Ã§Uì,«IOu

�ù��«�´Ä´È��.
XJ´È��§K·�wUÄòÙ��¥�:����¹?

5é®²é��È�«�?1*Ð.
DBSCAN£Density-based Spatial Clustering of
Applications with Noise)�{´��;.�Äu�Ý�àa
�{.
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DBSCAN�{
ÏLéÑ��È����:§¿ïáùa��:�m�ë�

55*ÐÈ�«�?
¼��ª�àaq.
DBSCAN�{Ú?���»ε > 0Ú�ÝK�MinPts > 0ü
�ëê5�x��È����::

�½��8D = {xi}N
i=1§éu��:xi ∈ D§½ÂÙε-��

Nε(xi ) = {xj ∈ D|dist(xi , xj ) ≤ ε}.

XJxi�ε-��Nε(xi )���¹MinPts���:§K·�
¡xi�Ø%é�.
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XÛdù
Ø%é�Ú§����/¤È��«�ºÚ?���

m�ë��Vg.
�*þ§��Ø%é�Ú§�ε-��¥���:/¤���
�È�«�

XJxj  uØ%é�xi �ε-��¥§K·�¡xj dxi ���

Ý��(directly density-reachable).

?�Ú§éxjÚxi 5`§XJ�3����S�

p1,p2, · · · ,pn ¦� p1 = xi , pn = xj§¿�é?Û

1 ≤ i ≤ n − 1§pi+1 dpi ���Ý��§K¡xjdxi�Ý�

�(density-reachable).
�Ý���x�´éØ%é��ε-��¥�Ø%���­E
¦^���Ý��5�\�õ���:�È�«�.
xjÚxi´�Ý�ë�(density-connected)§XJ�3���
�p ∈ D¦���xjÚxiÑ´dp�Ý���.
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Figure:�Ý����ë

Ø
x6§Ù§�:Ñ´Ø%é�.
x2Úx4Ñ3x1�ε-��¥§Ïdx2Úx4dx1 ���Ý��.
x3Úx5 dx1�Ý��.
x3Úx5´�Ý�ë�.
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q

q�÷vXe^����f8C ⊆ Dµ
(1) XJxi , xj ∈ C§Kxi�xj´�Ý�ë�¶

(2) é?�xi ∈ C§XJ xjdxi´�Ý��§Kxj ∈ C.

qÒ´�Ý�ë�'u�Ý�������f8.
d��Ø%é�Ñu§dÙ�Ý���¤k��:�8Ü�

Ð�¤��q.
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DBSCAN�{
kò¤k���:IP���¯.
,�zg�ÅÀJ����¯���?1�¯:

XJT��´Ø%é�§KéÑdT��:�Ý���¤k

��:)¤q¶

XJØ´Ø%é�§KòÙIP�D(.

­Eù��L§§��vk���¯���:.
XJëêεÚMinPts��'�T�§DBSCAN�{�±k�/u
y?¿/G�q.

111lllùùùàààaaa{{{000



àa©Û

Äu�.�àa�{

�gàa�{
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�(

àa©Û

Äu�.�àa�{

K -meansàa�{X�
pd·Ü�.

�gàa�{

AGNES�{
Äu�Ý�àa�{

DBSCAN�{
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