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Ûê��Å�.�Ä:´ê��Åó.
ê��Åó´�x�ÅCþS��VÇ©Ù��..
�{Xt |t = 1,2, · · · } ({P�{Xt})´�ÅS�§eXt Ñ

3S¥��§K¡S´{Xt}�G��m§S¥���¡�G
�.
3S¥�kk��G�½���G��§·�òÙ?1?
Ò§P�S = {s1, s2, · · · }.
XJé?Û��êt ≥ 2ÚS¥�G� si ,sj ,si1 ,si2 ,· · · , sit−1§

�ÅS�{Xt}÷v

P(Xt+1 = sj |Xt = si ,Xt−1 = sit−1 , · · · ,X1 = si1)

= P(Xt+1 = sj |Xt = si)

= P(X2 = sj |X1 = si),

K¡{Xt}��à�ê��Åó§{¡ê¼ó.
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·�¡

aij = P(X2 = sj |X1 = si), si , sj ∈ S

�ê¼ó{Xt}�=£VÇ.
¡Ý


A =
[
aij
]

�ê¼ó{Xt}��Ú=£VÇÝ
§{¡�=£Ý
.
�|S| = N§K=£Ý
�N × NÝ
,�

N∑
j=1

aij = 1,

==£Ý
��1�Ú�1.
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XJX1kVÇ©Ù

πj = P(X1 = sj), sj ∈ S.

K¡X1�©Ù�

π = (π1, π2, · · · , πN)

�{Xt}�Ð©©Ù.w,

N∑
j=1

πj = 1.

ê¼ó¤÷v�5�£Ï~¡�ê¼5¤�*5`Ò´®�

y3Xt = si ,ò5Xt+1 = sj�L�Xt−1 = sit−1 ,· · · , X1 = si1
Õá.
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é?ÛG�*ÿS�

Xt = sit ,Xt−1 = sit−1 , · · · ,X1 = si1

5`§Ùq,

P(Xt = sit ,Xt−1 = sit−1 , · · · ,X1 = si1)

= P(Xt = sit |Xt−1 = sit−1 , · · · ,X1 = si1)

×P(Xt−1 = sit−1 , · · · ,X1 = si1)

= P(Xt = sit |Xt−1 = sit−1)

×P(Xt−1 = sit−1 |Xt−2 = sit−2)

× · · · × P(X2 = si2 |X1 = si1)P(X1 = si1)

= πi1 × ai1i2 × · · · × ait−1it .
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1 ê��Åó
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3¢SA^¥¿Ø�½U*ÿ�ê��ÅóéA�G�S

�.
Ûê��Å�.(Hidden Markov Model§{¡HMM)�x

d��ê��Åó�Å)¤Ø�*ÿ�G��ÅS�{Xt}§
2dz�G�Xt)¤��*ÿOt)¤*ÿ�ÅS�{Ot}�
L§.

b½OtÑ3V¥��§�V = {ν1, ν2, · · · , νM}.
*ÿ)¤�Ì*ÿÕá5b�µ

P(Ot = νit |Xt = sit ,Ot−1 = νit−1 , · · · ,X1 = si1 ,O1 = νi1)

= P(Ot = νit |Xt = sit )
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3=£Ý
A = [aij ]ÚÐ©©Ùπ = (π1, π2, · · · , πN)�	§
2Ú?Xe*ÿVÇÝ


B =
[
bj(k)

]
N×M ,

Ù¥

bj(k) = P(Ot = νk |Xt = sj)

´ê��Åó3��tG��sj�^�e)¤*ÿνk�V

Ç§ùpj = 1,2,· · · , N; k = 1, 2, · · · , M.
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|^=£Ý
A!Ð©©ÙπÚ*ÿVÇÝ
B§Ò�±(½
��Ûê��Å�.µ

�=£Ý
AÚÐ©©Ùπ�x�ê��Åó)¤Ø�*ÿ�
G�S�§

2�*ÿVÇÝ
B lG�S�)¤*ÿS�.

Ïd^=£Ý
A!Ð©©ÙπÚ*ÿVÇÝ
B�¤�n�
|5L«��Ûê��Å�.λ§= λ = (A,B, π).
�½λ = (A,B, π)§KUXeL§)¤���Ý�T�*ÿ
S�{O1,O2, · · · ,OT}:
(1) -t = 1§¿�âÐ©©Ùπ�)G�X1¶

(2) �âG�XtÚ*ÿVÇÝ
B)¤*ÿOt¶

(3) �âG�XtÚ=£Ý
A)¤G�Xt+1¶

(4) et < T§-t = t + 1§¿=�1(2)Ú§ÄKÊ�.
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Ûê��Å�.¥G�Ú*ÿCþ�m��''X:

Figure:Ûê��Å�.

G�S�{X1,X2, · · · ,XT}Ú*ÿS� {O1,O2, · · · ,OT}�
éÜVÇ©Ù�±L«¤Xe/ªµ

P(X1,O1, · · · ,XT ,OT ) = P(X1)P(O1|X1)
T∏

i=2

P(Xi |Xi−1)P(Oi |Xi ).

�Ûê��Å�.ù�rVÇL«Úã(��(Ü��.·

�¡��VÇã�..
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Ûê��Å�.�n�Ä�¯Kµ

(1) VÇ(q,)O�¯Kµ�½Ûê��Å�.λ = (A,B, π)Ú
*ÿS�O = {O1,O2, · · · ,OT}§O�T�.)¤*ÿS
�O�VÇP(O|λ)"

(2) )è¯Kµ�½Ûê��Å�. λ = (A,B, π)Ú*ÿS�
O = {O1,O2, · · · ,OT}§¦�*ÿS� O����G�S
� X = {X1,X2, · · · ,XT}"

(3) ÆS¯Kµ�½*ÿS�O = {O1,O2, · · · ,OT}§�OÛê
��Å�.λ = (A,B, π)�ëê¦�q,P(O|λ)��"
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c��{

���{

�½Ûê��Å�.λ = (A,B, π)Ú*ÿS
�O = {O1,O2, · · · ,OT}§Ké?¿�G�S
�X = {X1,X2, · · · ,XT}§nØþ·��±O�
ÑP(X,O|λ)§?|^

P(O|λ) =
∑

X

P(X,O|λ)

5O�P(O|λ).
�´�Ý�T�ØÓG�S���kNT�§Ïd3¢S¥

�NÚT'����ÿù«�{�O�m�J±«É.
c��{Ú���{:ÄuÄ�5yg��VÇO��{.
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c��{

���{

XJ�Ä^*ÿS����T G��éÜVÇ

P(O,XT = si |λ),

5O�P(X,O|λ)§=�ÄÏL

P(O|λ) =
N∑

i=1

P(O,XT = si |λ),

5O�P(O|λ)§K�I�O�ÑN�éÜVÇ
P(O,XT = si |λ)§i = 1,2,· · · , N.
���§½Âc�VÇαt (i)Xeµ

αt (i) = P(O1,O2, · · · ,Ot ,Xt = si |λ),

=���t*ÿS��O1,O2, · · · ,Ot§�G��si�VÇ.
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c��{

���{

w,

αT (i) = P(O,XT = si |λ),

¿�

P(O|λ) =
N∑

i=1

αT (i).

AO/§

α1(i) = P(O1,X1 = si |λ)

= P(X1 = si |λ)P(O1|X1 = si , λ) = πibi(O1).
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���{

c�VÇ�4íúª

αt+1(i) = P(O1,O2, · · · ,Ot ,Ot+1,Xt+1 = si |λ)

=
N∑

j=1

P(O1,O2, · · · ,Ot ,Ot+1,Xt = sj ,Xt+1 = si |λ)

=
N∑

j=1

αt (j)P(Ot+1|Xt+1 = si , λ)P(Xt+1 = si |Xt = sj , λ)

=
N∑

j=1

αt (j)bi(Ot+1)aji =

 N∑
j=1

ajiαt (j)

bi(Ot+1).

ù¿�X·��±l{α1(i)}Ni=1Ñu�c4í��

αT (i) = P(O,XT = si |λ).
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���{

ccc������{{{

ÑÑÑ\\\: λ = (A,B, π)§*ÿS� O = {O1,O2, · · · ,OT}¶
ÑÑÑÑÑÑ: *ÿS�VÇP(O|λ).

1 for i = 1,2, · · · ,N do
2 α1(i) = πibi(O1);
3 end for
4 for t = 1,2, · · · ,T − 1 do
5 for i = 1,2, · · · ,N do

6 αt+1(i) =

(
N∑

j=1
αt (j)aji

)
bi(Ot+1);

7 end for
8 end for
9 P(O|λ) =

N∑
i=1

αT (i);

10 return P(O|λ)
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���{

XJ�Ä*ÿS��Ð©��G��éÜVÇ

P(O,X1 = si |λ),

5O�P(X,O|λ)§=�ÄÏL

P(O|λ) =
N∑

i=1

P(O,X1 = si |λ),

5O�P(O|λ).
5¿�

P(O,X1 = si |λ)

= P(O1|X1 = si , λ)P(O2, · · · ,OT |X1 = si , λ)P(X1 = si |λ)

= πibi(O1)P(O2, · · · ,OT |X1 = si , λ),
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c��{

���{

P(O|λ) =
N∑

i=1

πibi(O1)P(O2, · · · ,OT |X1 = si , λ).

XJUk�O�ÑN�^�VÇ

P(O2, · · · ,OT |X1 = si , λ), i = 1,2, · · · ,N,

·�Ò�±��P(O|λ).
é?¿��t < T½Â��VÇβt (i)Xeµ

βt (i) = P(Ot+1, · · · ,OT |Xt = si , λ),

=3��TG��Si�^�e§l��t + 1�T�Ü©*ÿ
S��Ot+1, · · · ,OT�VÇ.
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���{

AO/§

β1(i) = P(O2, · · · ,OT |X1 = si , λ), ı = 1,2, · · · ,N.

5½é?¿1 ≤ i ≤ N,

βT (i) = 1,

é1 ≤ t ≤ T − 1§��VÇkXe4íúªµ

βt (i) =
N∑

j=1

aijbj(Ot+1)βt+1(j), i = 1,2, · · · ,N.
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���{

βt (i) =
N∑

j=1
aijbj(Ot+1)βt+1(j).

Figure:���{
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���������{{{

ÑÑÑ\\\: λ = (A,B, π)§*ÿS�O = {O1,O2, · · · ,OT}¶
ÑÑÑÑÑÑ: *ÿS�VÇP(O|λ).

1 for i = 1,2, · · · ,N do
2 βT (i) = 1;
3 end for
4 for t = T − 1,T − 2, · · · ,1 do
5 for i = 1,2, · · · ,N do

6 βt (i) =
N∑

j=1
aijbj(Ot+1)βt+1(j);

7 end for
8 end for
9 P(O|λ) =

N∑
i=1

πibi(O1)β1(i);

10 return P(O|λ)
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)è¯K

�½λ = (A,B, π)Ú�Ý�T�*ÿS�

O = {O1,O2, · · · ,OT},

¦�*ÿS�O����G�S�

X = {X1,X2, · · · ,XT}.

��ué�¦�P(X|O, λ)���G�S�X∗§=

X∗ = argmax
X

P(X|O, λ).

¤¦��`G�S�X∗��±½Â�

X∗ = argmax
X

P(X,O|λ).
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¤¦��`G�S�X∗��±½Â�

X∗ = argmax
X

P(X,O|λ).

G�S�{X1,X2, · · · ,XT}Ú*ÿS� {O1,O2, · · · ,OT}�
éÜVÇ©Ù�±L«¤Xe/ªµ

P(X,O|λ) = P(X1)P(O1|X1)
T∏

i=2

P(Xi |Xi−1)P(Oi |Xi).
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�A'�{:
XJr���Ý�T�G�S�UìG�S��)¤(�w
�´�^lÐ©G����TG��´»§K�A'�{¢
�þ´^Ä�5y�g�5¦�`´».
�Ä�� T G�� si £ 1 ≤ i ≤ N ¤�¤kü�´»

(X1,X2, · · · ,XT−1,XT = si)

¤éA�VÇ�����

δT (i) =

max
X1,X2,··· ,XT−1

P(X1,X2, · · · ,XT−1,O1,O2, · · · ,OT ,XT = si |λ),

w,é�`´»X∗ó§ P(X∗,O|λ) = max
1≤i≤N

δT (i). �

X ∗T = argmax
si , 1≤i≤N

δT (i).
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ÄuÄ�5yg�§�A'�{½Â��tG��si
£1 ≤ i ≤ N¤�¤kü�´»(X1,X2, · · · ,Xt−1,Xt = si)¤
éA�VÇ�����

δt (i)
= max

X1,X2,··· ,Xt−1
P(X1,X2, · · · ,Xt−1,O1,O2, · · · ,Ot ,Xt = si |λ)

AO/§

δ1(i) = πibi(O1).

´»��VÇδt (i)(2 ≤ t ≤ T )�4íúªXeµ

δt (i) = max
1≤j≤N

[δt−1(j)aji ]bi(Ot ), i = 1,2, · · · ,N.

dd·��±4íO�ÑδT (i)§ i = 1,2, · · · ,N.
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ét ≥ 2§·�±Ψt (si)5P¹��tG��si�¤kü�´»

(X1,X2, · · · ,Xt−1,Xt = si)

¥VÇ���´»�1t − 1�(:§=

Ψt (si) = argmax
sj ,1≤j≤N

δt−1(j)aji , i = 1,2, · · · ,N.

3é�X ∗T�§·��±ÏL|^Ψt (si)l��c�g���
`G�S�.
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�A'�{«¿§Ù¥ùÚL«���c��¤'5G���`

´»:

Figure:�A'�{

111ÊÊÊùùùÛÛÛêêê������ÅÅÅ���...



ê��Åó

Ûê��Å�.

VÇO��{

�A'�{

Baum-Welch�{

���AAA'''���{{{

ÑÑÑ\\\: λ = (A,B, π)§*ÿS�O = {O1,O2, · · · ,OT}¶
ÑÑÑÑÑÑ: �`G�S�X∗.

1 for i = 1,2, · · · ,N do
2 δ1(i) = πibi(O1);
3 Ψ1(i) = 0;
4 end for
5 for t = 2, ,3, · · · ,T do
6 for i = 1,2, · · · ,N do
7 δt (i) = max

1≤j≤N
[δt−1(j)aji ]bi(Ot );

8 Ψt (i) = argmax
sj ,1≤j≤N

[δt−1(j)aji ];

9 end for
10 end for
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11 P∗ = max
1≤i≤N

δT (i);

12 X ∗T = argmax
si ,1≤i≤N

δT (i);

13 for t = T − 1,T − 2, · · · ,1 do
14 X ∗t = Ψt+1(X ∗t+1);
15 end for
16 return X∗ = (X ∗1 ,X

∗
2 , · · · ,X ∗T )

111ÊÊÊùùùÛÛÛêêê������ÅÅÅ���...



ê��Åó

Ûê��Å�.

VÇO��{

�A'�{

Baum-Welch�{

VVV���

1 ê��Åó

2 Ûê��Å�.

3 VÇO��{

c��{

���{

4 �A'�{

5 Baum-Welch�{
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XÛl*ÿêâ5ÆSÛê��Å�.�ëêº

XJê��Åó´���§K�±|^4�q,{5�OÛ

ê��Å�.�ëê.
XJê��Åó´Ûõ�§*ÿS�éA�G�S�Ø�*

ÿ§�±ÏLEM�{5S�¦).
Baum-Welch�{´�OÛê��Å�.ëê�EM�{.
b½G��mSÚ*ÿ�U����8ÜVÑ´®��.
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EM�{zgS��¹üÚµ
EÚ§¦Ï"µÄu�cëêθ��O�θ(t)§O�éêq,

¼ê'uÛCþZ�Ï"µ

Q(θ|θ(t)) = EZ [LL(θ|D,Z )|D, θ(t)]

=
∑

Z

LL(θ|D,Z )P(Z |D, θ(t))

MÚ§4�zµÏL4�zÏ"(½ëê�O��
#θ(t+1)µ

θ(t+1) = argmax
θ

Q(θ|θ(t)).

�½ëêθ�Ð©�θ(0)§EM�{EEÚÚMÚ§��Âñ�Û
Ü�`)"
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Baum-Welch�{

�½�Ý�T�*ÿS�O = {O1,O2, · · · ,OT}§·�
±X = {X1 = si1 ,X2 = si2 , · · · ,XT = siT }L«�A�G�S
�£Ûêâ¤.
·�^λ̄L«Ûê��Å�.ëê��c�O§KEM�{E
Ú�Q¼ê�

Q(λ, λ̄) =
∑

X

P(X|O, λ̄) log P(O,X|λ)

=
∑

X

P(O,X|λ̄)

P(O|λ̄)
log P(O,X|λ)

=
1

P(O|λ̄)

∑
X

P(O,X|λ̄) log P(O,X|λ).
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3Baum-Welch�{¥��òQ¼ê½Â�

Q(λ, λ̄) =
∑

X

P(O,X|λ̄) log P(O,X|λ).

·�c¡®²J�L*ÿS�ÚG�S��éÜVÇ�Xe

L«:

P(O,X|λ) = πi1bi1(O1)
T−1∏
t=1

ait it+1bit+1(Ot+1),

KQ¼ê�±?�Ú�¤

Q(λ, λ̄) =
∑

X

P(O,X|λ̄) log

[
πi1bi1(O1)

T−1∏
t=1

ait it+1bit+1(Ot+1)

]
.
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Q¼ê�±?�Ú�¤

Q(λ, λ̄) =
∑

X

P(O,X|λ̄) log

[
πi1bi1(O1)

T−1∏
t=1

ait it+1bit+1(Ot+1)

]
=

∑
X

P(O,X|λ̄)[log πi1 + log bi1(O1)

+
T−1∑
t=1

(log ait it+1 + log bit+1(Ot+1))]

=
∑

X

P(O,X|λ̄) log πi1 +
∑

X

P(O,X|λ̄)

[
T−1∑
t=1

log ait it+1

]

+
∑

X

P(O,X|λ̄)

[
T∑

t=1

log bit (Ot )

]
.
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-

Q1 =
∑

X

P(O,X|λ̄) log πi1 ,

Q2 =
∑

X

P(O,X|λ̄)

[
T−1∑
t=1

log ait it+1

]
,

Q3 =
∑

X

P(O,X|λ̄)

[
T∑

t=1

log bit (Ot )

]
,

K

Q(λ, λ̄) = Q1 + Q2 + Q3.
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Baum-Welch�{�MÚ�ÏL4�zQ(λ, λ̄)5�Oë
êλ = (A,B, π).
5¿�λ!AÚB©OÑy3Q1!Q2ÚQ3 ¥§Ïd·�©O

ÏL4�z§��géA�Ü©5�Où
ëê.
k5wQ(λ, λ̄)�¹Ð©©Ùëê�1�Ü©

Q1 =
N∑

i=1

 ∑
X1=si ,X2,··· ,XT

P(O,X|λ̄) log πi


=

N∑
i=1

P(O,X1 = si |λ̄) log πi .

�ÄÐ©©Ùëê÷v��å
N∑

i=1
πi = 1§·�æ^.�K

F¦f{.
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Ú?.�KF¦fγ5�E.�KF¼êXeµ

L1(γ, π) =
N∑

i=1

P(O,X1 = si |λ̄) log πi + γ(1−
N∑

i=1

πi).

-
∂L1(γ,π)
∂πi

= 0�µ

P(O,X1 = si |λ̄) = γπi .

ü>éi¦Ú�

γ = P(O|λ̄).

�d

πi =
P(O,X1 = si |λ̄)

P(O|λ̄)
= P(X1 = si |O, λ̄).
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Q(λ, λ̄)�¹=£VÇëê�1�Ü©�±L«¤

Q2 =
N∑

i=1

N∑
j=1

T−1∑
t=1

P(O,Xt = si ,Xt+1 = sj |λ̄) log aij ,

éA�MÚ�

max
[aij ]

N∑
i=1

N∑
j=1

T−1∑
t=1

P(O,Xt = si ,Xt+1 = sj |λ̄) log aij

s.t .
N∑

j=1

aij = 1, i = 1,2, · · · ,N.
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A^.�KF¦f{��

aij =

T−1∑
t=1

P(O,Xt = si ,Xt+1 = sj |λ̄)

T−1∑
t=1

P(O,Xt = si |λ̄)

=

T−1∑
t=1

P(O,Xt =si ,Xt+1=sj |λ̄)

P(O|λ̄)

T−1∑
t=1

P(O,Xt =si |λ̄)

P(O|λ̄)

=

T−1∑
t=1

P(Xt = si ,Xt+1 = sj |O, λ̄)

T−1∑
t=1

P(Xt = si |O, λ̄)

.
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Q(λ, λ̄)�¹*ÿVÇëê�1nÜ©�±L«¤

Q3 =
N∑

j=1

T∑
t=1

P(O,Xt = sj |λ̄) log bj(Ot ),

éA�MÚ�

max
[bj (k)]

N∑
j=1

T∑
t=1

P(O,Xt = sj |λ̄) log bj(Ot )

s.t .
M∑

k=1

bj(k) = 1, j = 1,2, · · · ,N.
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5¿�3*ÿ�½��¹e§8I¼ê¥Ñy�ëê

8{bj(Ot )}Ø�½U
CX·�¤��O�ëê8{bj(k)}§
Ïd·�ò8I¼ê¥�log bj(Ot )U�¤

M∑
k=1

I(Ot = νk ) log bj(k),

Ú\¤k·�I��O�ëê§

¿A^.�KF¦f{��

bj(k) =

T∑
t=1

P(O,Xt = sj |λ̄)I(Ot = νk )

T∑
t=1

P(O,Xt = sj |λ̄)

.
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bj(k) =

T∑
t=1

P(O,Xt = sj |λ̄)I(Ot = νk )

T∑
t=1

P(O,Xt = sj |λ̄)

=

T∑
t=1

P(O,Xt =sj |λ̄)I(Ot =νk )

P(O|λ̄)

T∑
t=1

P(O,Xt =sj |λ̄)

P(O|λ̄)

=

T∑
t=1

P(Xt = sj |O, λ̄)I(Ot = νk )

T∑
t=1

P(Xt = sj |O, λ̄)

.
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Baum-Welch�{�MÚ'unaëê��#�6uXeü
|VÇO�µ

P(Xt = si |O, λ̄), 1 ≤ t ≤ T ; 1 ≤ i ≤ N.

Ú

P(Xt = si ,Xt+1 = sj |O, λ̄), 1 ≤ t ≤ T − 1; 1 ≤ i , j ≤ N.
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-

γt (i |λ) = P(Xt = si |O, λ),

K

γt (i |λ) =
αt (i)βt (i)

N∑
j=1

αt (j)βt (j)
.

Ùg§·�-

ξt (i , j |λ) = P(Xt = si ,Xt+1 = sj |O, λ),

K

ξt (i , j |λ) =
αt (i)aijbj(Ot+1)βt+1(j)

N∑
l=1

N∑
k=1

αt (l)alkbk (Ot+1)βt+1(k)
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Baum-Welch�{ëê�#�±L«�µ

πi = γ1(i |λ̄),

aij =

T−1∑
t=1

ξ(i , j |λ̄)

T−1∑
t=1

γt (i |λ̄)

bj(k) =

T∑
t=1,Ot =νk

γt (i |λ̄)

T∑
t=1

γt (i |λ̄)

ùpi , j = 1,2, · · · ,N; K = 1,2, · · · ,M.
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Baum-Welch���{{{
ÑÑÑ\\\µ*ÿS�O = {O1,O2, · · · ,OT}
ÑÑÑÑÑÑµÛê��Å�.λ = (A,B, π)

(1) Ð©zµλ(0) = (A(0),B(0), π(0)), n = 0
(2) EXeS���Âñ

(a) O� γt (i |λ(n)), t = 1,2, · · · ,T ; i = 1,2, · · · ,N
(b) O� ξt (i , j |λ(n)),

t = 1,2, · · · ,T ; i = 1,2, · · · ,N; j = 1,2, · · · ,N
(c) O� π

(n+1)
i = γ1(i |λ(n)), i = 1,2, · · · ,N
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(2) EXeS���Âñ

(d) O� a(n+1)
ij =

T−1∑
t=1

ξ(i,j|λ(n))

T−1∑
t=1

γt (i|λ(n))

, i = 1,2, · · · ,N; j = 1,2, · · · ,N

(e) O� b(n+1)
j (k) =

T∑
t=1,Ot =νk

γt (i|λ(n))

T∑
t=1
γt (i|λ(n))

,

j = 1,2, · · · ,N; k = 1,2, · · · ,M
(f) n = n + 1

(3) ���.ëêλ(n) = (A(n),B(n), π(n)).

111ÊÊÊùùùÛÛÛêêê������ÅÅÅ���...



ê��Åó

Ûê��Å�.

VÇO��{

�A'�{

Baum-Welch�{

�(

Ûê��Å�.

VÇO�¯K

)è¯K

ÆS¯K

c��{

���{
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