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问题 1. 试用前向概率和后向概率推导

P (O|λ) =
N∑

l=1

N∑
k=1

αt(l)alkbk(Ot+1)βt+1(k)

证明.

P (O|λ) =
N∑

l=1

N∑
k=1

P (O, Xt = sl, Xt+1 = sk|λ)

注意到:
αt(l)alk = P (O1, O2, · · · , Ot, Xt = sl|λ)P (Xt+1 = sk|Xt = sl, λ)

= P (O1, O2, · · · , Ot, Xt = sl, Xt+1 = sk|λ)

bk(Ot+1)βt+1(k) = P (Ot+1|Xt+1 = sk, λ)P (Ot+2, Ot+3, · · · , OT |Xt+1 = sk, λ)

= P (Ot+1, Ot+2, · · · , OT |Xt+1 = sk, λ)

= P (Ot+1, Ot+2, · · · , OT |Xt = sl, Xt+1 = sk, λ)

最后这一行是因为马尔可夫性质, Xt+1 已知时, Ot+1 与 Xt 无关. 因而二者相乘即有:

P (O|λ) =
N∑

l=1

N∑
k=1

P (O1, O2, · · · , Ot, Xt = sl, Xt+1 = sk, Ot+1, Ot+2, · · · , OT |λ)

=
N∑

l=1

N∑
k=1

P (O1, O2, · · · , Ot, Xt = sl, Xt+1 = sk|λ)P (Ot+1, Ot+2, · · · , OT |Xt = sl, Xt+1 = sk, λ)

=
N∑

l=1

N∑
k=1

αt(l)alkbk(Ot+1)βt+1(k)

问题 2. 证明维特比算法中 δ 的递推公式.

证明.

δt(i) = max
X1,X2,··· ,Xt−1

P (X1, X2, · · · , Xt−1, O1, O2, · · · , Ot, Xt = si|λ)

= max
X1,X2,··· ,Xt−2

max
1≤j≤N

P (X1, X2, · · · , Xt−1 = sj , O1, O2, · · · , Ot, Xt = si|λ)

= max
1≤j≤N

max
X1,X2,··· ,Xt−2

P (X1, X2, · · · , Xt−2, O1, O2, · · · , Ot−1, Xt−1 = sj , Xt = si|λ)P (Ot|Xt = si)

= max
1≤j≤N

max
X1,X2,··· ,Xt−2

P (X1, X2, · · · , Xt−2, O1, O2, · · · , Ot−1, Xt−1 = sj |λ)P (Xt = si|Xt−1 = sj)bi(Ot)

= max
1≤j≤N

δt−1(j)bi(Ot)aji = max
1≤j≤N

(δt−1(j)aji) bi(Ot)

其中第三行用到了马尔可夫性质, 当 Xt 已知时观测结果 Oj 与 X1, · · · , Xt−1 无关.
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问题 3. 在下述隐马尔可夫模型 λ = (A, B, π) 中, 可能的观测值集合为 {ν1, ν2, ν3}, 可能的状态集

为 {q1, q2, q3}, A =

 0.6 0.2 0.2
0.3 0.5 0.2
0.3 0.3 0.4

 , B =

 0.2 0.5 0.3
0.6 0.2 0.2
0.3 0.3 0.4

 , π = (0.6, 0.2, 0.2)T , 观察序列 O =

(ν3, ν2, ν1), 用维特比算法求最优状态序列.

证明. 初值:
δ1(1) = π1b1(O1) = 0.6 · 0.3 = 0.18

δ1(2) = π2b2(O1) = 0.2 · 0.2 = 0.04

δ1(3) = π3b3(O1) = 0.2 · 0.4 = 0.08

第二项:

δ2(1) = max
1≤j≤3

(δ1(j)aj1) b1(O2) = max(0.18 · 0.6, 0.04 · 0.3, 0.08 · 0.3) · 0.5 = 0.054

δ2(2) = max
1≤j≤3

(δ1(j)aj2) b2(O2) = max(0.18 · 0.2, 0.04 · 0.5, 0.08 · 0.3) · 0.2 = 0.0072

δ2(3) = max
1≤j≤3

(δ1(j)aj3) b3(O2) = max(0.18 · 0.2, 0.04 · 0.2, 0.08 · 0.4) · 0.3 = 0.0108

且最优历史为 Ψ2(1) = 1, Ψ2(2) = 1, Ψ2(3) = 1. 第三项:

δ3(1) = max
1≤j≤3

(δ2(j)aj1) b1(O3) = max(0.054 · 0.6, 0.0072 · 0.3, 0.0108 · 0.3) · 0.2 = 0.00648

δ3(2) = max
1≤j≤3

(δ2(j)aj2) b2(O3) = max(0.054 · 0.2, 0.0072 · 0.5, 0.0108 · 0.3) · 0.6 = 0.00648

δ3(3) = max
1≤j≤3

(δ2(j)aj3) b3(O3) = max(0.054 · 0.2, 0.0072 · 0.2, 0.0108 · 0.4) · 0.3 = 0.00324

且最优历史为 Ψ3(1) = 1, Ψ3(2) = 1, Ψ3(3) = 1. 注意 δ3(1) 和 δ3(2) 同为最大值, 因此最优路径有两
条: (q1, q1, q1) 和 (q1, q1, q2).
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